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Chapter 1 
Introduction 



For the last couple of decades a theory that goes by the unassuming name of 'The Standard 
Model', has been the generally accepted theory of fundamental physics. This Standard 
Model has been very successful in describing experiments in particle physics. All particles 
that were theoretically predicted by it have been detected, except for one: the Higgs particle. 
By now this Higgs particle, often called 'the holy grail of high-energy physics', has become so 
important that biUions of euros are spent to build large particle colliders, hoping to produce 
these Higgs particles. In Europe the LHC is being built, mainly for this purpose, and this 
27 km long accelerator is expected to become operational in 2008. 

Knowing this it is clear that the Higgs sector of the Standard Model is very important and 
interesting. The Higgs mechanism was proposed in the 60's by Brout and Englert [Ij, Higgs 
[21 [3] and Guralnik, Hagen and Kibble [1] to give masses to the gauge bosons and the fermions, 
while keeping the theory renormalizable. The main feature of this Higgs mechanism is the 
mechanism of spontaneous symmetry breaking (SSB), which was introduced into quantum 
field theory by Nambu [51 E], in analogy to the BCS theory of superconductivity. This 
mechanism of SSB will be the main topic of this thesis. 

A nice introduction to SSB and the Higgs mechanism can be found in a review article by 
Bernstein [7]. 

1.1 Spontaneous Symmetry Breaking 

How does SSB work in quantum field theory, and what is it? The canonical approach to 
SSB, which one finds in most textbooks (e.g. [SI El [ID]), is as follows. One starts with a (bare) 
Lagrangian, obeying some symmetry in the fields (e.g. reflection or rotational symmetry), 
of which the bare (classical) potential has more than one minimum. The most common, and 
most important, example is the 'Mexican hat' potential. This means that the set of minima 
must also obey the symmetry, which means again that in any given minimum the fields 
cannot all be zero. Writing all fields into the single vector ip we have at the minima: 7^ 0. 
Therefore the classical lowest energy states, or vacua, are degenerate and have a non-zero 
field value, v^vac 7^ 0. In a quantum field theory the lowest energy state, or vacuum |VAC), 
should be calculated from the Schrodinger equation: 

if|VAC) = EvAc|VAC) . (1.1) 
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Clearly, because of the very complicated form of the Hamiltonian if in a quantum field 
theory, this equation can not be solved. Inspired by the classical minimum-energy states, 
one therefore postulates that also the quantum vacuum is degenerate, and that: 

(VAC|<^|VAC) . (1.2) 

So there are multiple vacuum states. But we can only live in one of these, and nature has 
chosen one of these vacuum states. Which one has been chosen, cannot be determined, and 
is therefore unimportant, because all theories built on one of these states have exactly the 
same physics. 

This is called spontaneous symmetry breaking, i.e. the vacuum state of the theory does 
not have the same symmetry as the Lagrangian. So the dynamics of the theory obey a 
certain symmetry, which is not respected by the vacuum state. 

Having postulated (11. 2p one can then derive, via the equations of motion, the Schwinger- 
Dyson equations and the Feynman rules, that this gives a mass-like term for all particles 
coupling to the (Higgs) field ip. The fluctuation in this (Higgs) field around the constant 
value it has in the chosen vacuum is the Higgs particle. 

After this one can calculate all Green's functions of the theory. Also one can construct 
the IPI Green's functions and sum them, in the appropriate way, to obtain the effective 
potential. As we shall see this effective potential comes out to be complex and can be non- 
convex in certain domains. This is the well known convexity problem, i.e. the canonical 
perturbative calculation gives a non-convex effective potential, whereas general arguments 
show that this effective potential is convex. The precise meaning of convex will be discussed 
in chapter [21 Also its convexity will be proven there. 



1.2 The Path Integral 

Now this mechanism of SSB can also be studied from the viewpoint of the path integral. 
We know that the path- integral approach, by Feynman, is just another way of formulating 
quantum mechanics, or quantum field theory. Like the Feynman rules in the canonical 
approach, the path integral is also a solution to the Schwinger-Dyson equations of the theory. 
In this path-integral approach the path integral gives the Green's functions of the theory: 

[V<ff(<f) expUS(if)) ,,,,,, 

r-n (^ If ^\ = (VAC|/(^)|VAC) . (1.3) 

Here f{ip) is some expression built from the yj-fields, like ^Pi{x), or ipi{x)ipj{y). 

So from the path-integral viewpoint one should also be able to see whether we have SSB: 

(VAC|(/?|VAC) ^ , (1.4) 

as is postulated in the canonical approach. 

It is exactly the path-integral approach to SSB that we shall study in this thesis. The two 
simplest models to study SSB are of course the = 1 and N = 2 Euclidean linear sigma 
models, and these models we will consider. 
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It will appear that, although the canonical results and the path integral are solutions 
to the same Schwinger-Dyson equations, the two approaches do not give the same results 
in the case of a classical potential with more than one minimum, i.e. a non-convex classical 
potential. 

Also it will appear that this path-integral approach cures the complexity and non- 
convexity that were obtained in the canonical approach. 

1.3 Literature 

What has been discussed in the literature about the convexity problem? In [HI [12] Symanzik 
and Iliopoulos et al. were the first to realize that the effective potential is convex. A nice 
proof of this convexity property is given by Haymaker et al [13]. Note that this proof is 
based on the path-integral formalism. The fact that there is a convexity problem (i.e. the 
perturbatively calculated effective potential, in case of a non-convex classical potential, is 
not convex, despite general proofs that it should be) was first realized by O'Raifeartaigh et 
al. [2]. After this there were several attempts to modify the computation of the effective 
potential to find a proper, convex effective potential. These attempts can be found in 
[T5| [T6l \T7\ [T8| [T9l [20] . Indeed these attempt were successful, in all of these articles a 
convex, well-defined effective potential is found for several models. All these attempts come 
down to the same idea, to get a convex and well-defined effective potential one should take 
the path integral seriously and calculate from there. This means one should include all 
minima of the classical potential in the calculation, i.e. do perturbation theory around each 
of the minima and add the generating functionals around each of the minima to obtain 
the complete generating functional. If one then computes the effective potential from this 
complete generating functional one finds the result to be convex and well-defined for all field 
values. 

However, in this new (path-integral) approach, SSB is lost in the strict sense, i.e. all of the 
convex effective potentials that are calculated in the articles above have their minimum at 
zero for finite space-time volume. For infinite volume the bottom of the effective potentials 
becomes fiat (Maxwell construction) and one is left with an infinite set of minima, living 
between the classical minima. What, then, is the true vacuum? Can one still determine 
what the vacuum is from these effective potentials? In [15] one can find a short remark 
about this. There the authors state that in the case of a non-convex classical potential, 
maybe the effective potential is not the proper thing to look at to find the true vacuum. Or 
alternatively one might define SSB not as a non-zero vacuum expectation value, but as the 
sensitivity of the effective potential to small external sources. In this sense the new, convex 
effective potential is just as sensitive to a non-zero source as the old, non-convex effective 
potential. 

However, besides these few vague remarks, no clear explanation is given as to what the 
new path-integral approach means for the physics of the theory. 

O'Raifeartaigh et al. [21], inspired by [22], introduce a constraint effective potential. This 
constraint effective potential is calculated from a path integral, in which a constraint that 
keeps the space-time averaged field to a non-zero value is included. Simply because of the 
constraint, there is SSB in the strict sense now. However in the infinite volume limit the 
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constraint effective potential converges to the convex effective potential again, leaving one 
again with a ffat bottom of minima. Again it is unclear what this means for the physics. 
Also Ringwald et al. [23j define a constraint effective potential, however now the constraint 
keeps the average of the field over a certain limited domain of space-time to a non-zero 
value. Again the constraint effective potential converges to the convex effective potential in 
the infinite volume limit. Nothing is said about the physics behind this theory. 

Branchina et al. [23] do go into more details about the physics. Here they also include 
all minima of the path integral (no constraint) and find a flat bottom. Their approach is 
essentially based on the canonical formalism and they find explicitly the ground states in a 
Gaussian approximation. They find two pure Gaussian states, which means that all linear 
superpositions of these states are also ground states. These correspond to the flat bottom 
of the effective potential. They calculate the probability to be in one of these states. This 
probability is only non-zero for the pure Gaussian states. This is their interpretation of SSB. 
However, for the rest nothing is said about the physics that follows from this approach. 

Weinberg et al. [25] further analyze the complex, non-convex effective potential one finds 
when only including one minimum (i.e. canonical approach). They define the vacuum states 
of the theory to be states that, of course, minimize the Hamiltonian, but are also localized 
around some field value. It appears that the imaginary part of the complex effective potential 
is related to the decay rate of the (unstable) vacuum states which are localized around a 
point between the classical minima. 

Dannenberg [26] further analyzes and resolves the convexity problem. The point is that 
the convex effective potential, as calculated from the path integral, and the complex effective 
potential, as calculated in the canonical way (the sum of all IPI diagrams), are simply not 
the same thing. In the path-integral approach one includes all minima, in the canonical 
approach one includes only one minimum. Although both ways are solutions to the same 
Schwinger-Dyson equations, they are not equal. In this way it is completely understandable 
that the canonical approach gives a non-convex effective potential, even though one can 
prove from the path integral that the effective potential is convex. Both approaches are 
simply different and therefore give different results and physics. 

Wiedemann [27] further analyzes what the non-convex complex effective potential and 
the convex effective potential tell one about the physics of the theory. It is shown that the 
flat section of the convex effective potential corresponds to the ground states of the theory. 
The complex effective potential gives one the boundaries of the flat section. 

Having considered all of this literature one can conclude the following. The convexity 
problem is not really a problem, it originates only because one compares two different things, 
at first thought to be the same. The canonical approach and the path-integral approach, 
although solutions to the same Schwinger-Dyson equation, seem to be different in the case 
of a non-convex classical potential. So both approaches also give different results. This 
difference between the canonical and path-integral approach will be the main topic of this 
thesis. It is also this difference that might create some confusion in for example Peskin and 
Schroeder [S]. In their chapter 11 they first calculate the effective potential in the canonical 
approach and find it to be non-convex. Later they argue that the effective potential is always 
convex. They do not clearly explain how this convexity property relates to the non-convex 
result. 

Taking the viewpoint of the canonical approach, one postulates a non-zero vacuum expec- 
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tation value. This is completely self-consistent and one finds a spontaneously broken theory. 
One can define the effective potential as the sum of all IPI graphs (with the appropriate 
factors) and one finds it to be non-convex and complex in certain regions. This does not 
matter however, since the proof that the effective potential is convex originates only in the 
path-integral approach, which is not the same. 

Taking the viewpoint of the path-integral approach one finds a convex effective potential, 
as can be proven on general grounds (within this approach). However, what the physics of 
this approach is, is unclear up to now. Also interesting is whether one can reproduce the 
physics as it is found in the canonical approach (with SSB and all) in this path-integral 
approach. Can one get the same Green's functions in this path-integral approach? 

1.4 Outline of this Thesis 

In the articles mentioned above several links between results from the canonical approach 
and results from the path-integral approach are proven to exist, although both approaches do 
not give the same results in general. So a number of big questions remain: Can one somehow 
reproduce the canonical results from the path-integral approach? Or are both approaches 
fundamentally different? Can one find SSB, with all the known physics that goes with it, 
from the path integral? These questions will be the main topics of this thesis. 

In chapter [2] a short introduction to the effective action will be given. The effective action 
and effective potential will be defined, their meaning will be discussed and their convexity 
will be proven, via the path integral. 

In chapter [3] the canonical approach to the = 1 linear sigma model will be discussed. 
We follow here the same lines as in the quantum field theory textbooks (e.g. [8]). The 
renormalized Green's functions will be computed and the counter terms will be found, so we 
can use them in later chapters for different approaches. Also the effective potential will be 
computed for several dimensions and shown to be complex where the classical potential is 
non-convex. Also it will be shown that it can become non-convex. 

In chapterlHthe path-integral approach to the A^ = 1 linear sigma model will be discussed. 
This is done in the same way as Fujimoto et al. [15] and Cooper et al. [18] do. We find the 
renormalized effective potential for several dimensions, which is indeed convex and well- 
defined everywhere. Also we find the renormalized Green's functions and conclude what the 
physics of this approach is. This physics is different than in the canonical approach. What 
the Green's functions become when other particles interacting with the (Higgs) fields if are 
present will also be discussed. 

In chapter [5] we will outline another path-integral approach to the A^ = 1 linear sigma 
model. This time, hoping to reproduce the physics of the canonical approach, we will fix the 
paths at some time — T at a specific field value over all of space. First we will show that this 
model is renormalizable up to 1-loop order. Then we will calculate the effective potential 
and the renormalized Green's functions. 

In chapter [6] we will present the canonical approach to the N = 2 linear sigma model. 
The calculations there are similar to the standard calculations done in all textbooks, like [8j. 
The renormalized Green's functions will be computed and the counter terms will be fixed, 
such that we can use them later throughout the thesis. The effective potential will also be 
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calculated and shown to be complex where the classical potential is non-convex. Also it can 
become non-convex. 

In chapter[7]the path-integral approach to the N = 2 linear sigma model will be presented. 
We will compute the renormalized Green's functions by naively integrating over all minima 
of the action. Also an approximation to the effective potential will be found in this naive way. 
Again, as in the = 1 linear sigma model, we will see that the physics of this path-integral 
approach is different from the physics of the canonical approach. However, it is questionable 
whether the naive way of calculating here is correct. 

To do the calculation from chapter [7| in a better way we need the path integral in terms of 
polar field variables. These variables are the natural variables to describe an 0(2)-invariant 
model. This complicated transformation to polar field variables will be the subject of chapter 
El We will show what the path integral looks like in terms of polar fields, and how it should 
be calculated. 

In chapter [9] we consider again the path-integral approach to the N = 2 linear sigma 
model. Now we do the calculations via the path integral in terms of polar variables, discussed 
in chapter [HI We will calculate the renormalized Green's functions and the effective potential. 
We will compare the results obtained here with the results from chapter [71 and finally discuss 
the physics of the path-integral approach to the N = 2 linear sigma model. 



Chapter 2 

The Effective Action 



2.1 Definition 

Consider a Euclidean scalar quantum field theory with any number of fields and any number 
of space-time points (e.g. infinite number). We put all field values in one single vector (f. 
For each field value we also have a source, all these sources are put in the vector J. The 
(bare) action of this theory we denote by S. Then the effective action of this theory, which 
is a function of a vector ip'^^, is defined by 

- ) , (2.1) 

where Jm(¥''^') is defined as the inverse function of 

^'i(j) - - ■^^r"^'T^;^'ff"/"^f . (2.2) 

j V(p exp (-^ {S{ip) - JmVm)) 

That this inverse functional Jm{^^^) always exists can be seen as follows. If it exists we have: 

This means that one requirement for Jm{^'^^) to exist is that the matrix {ipiipj)c{J) has an 
inverse. This is true if all eigenvalues of this matrix are non-zero. That this is indeed the 
case follows from: 

^^'^^■^^^'^ ^ ijv^Pi^f 

JVipVip' (v9.v9, - p(v?)p((^o 

2 / VipVip' P{(p)P{(p') 



(2.4) 
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with 

P{ip) = exp (^-^ {S{ip) - Jn,iPm)^ . (2.5) 

This means: 

pipj{iPiiPj)c{J) > (2.6) 

for all J and arbitrary vector p. This could not immediately be seen from {{p ■ <f)'^)c{J) 
because we are dealing with a connected average here. Writing p in terms of the eigenvectors 
Cm (with eigenvalues Am) of the matrix {(pi(pj)c{J): 

Pi CmCi^m y (^•''') 

we see that also 

PiCm^i,m^m Cnei nCm(ii,m^m '-'m'^"i ^ . (2.8) 

Because the p's and thus also the c's are arbitrary, all the eigenvalues Am have to be positive. 
So we see all eigenvalues are not just non-zero, they are also strictly positive. 

There is a small loop-hole here, that we have to discuss. In some special situations it 
can happen, for some specially chosen p, that the left-hand-side of (12. 6p becomes exactly 
zero. We shall see in chapter [5] how this can happen when we introduce constraints in the 
path integral. In that case there is no unique inverse. This will be discussed thoroughly 
in chapter [51 In the rest of this chapter we shall assume that we are not in such a special 
situation and thus (12.61) holds. 

So now we know that the matrix exists. To find Ji itself this system of partial 
differential equations has to be integrated. This is only possible if 

(2.9) 



That this is also the case can be seen by taking another derivative in (12. 3p : 

d dift dJi _ d'ifi dJ, dJi ^ d^t d^Ji ^ Q (2.10) 



d^-^ dJl dip-l dJgdJl dipf dip-^ dJl diffdif-^ 

Because the first term is symmetric in p and n the second term is too. So indeed it is possible 
to find the inverse Jiif'^^) from (12.30 . 

2.2 The Meaning of the Effective Action 

The generating functional Z{J) of our scalar field theory is 

Z{J) = Jl^^ exp (^-i {S{^) - Jm^m)^ . (2.11) 
This functional generates the connected Green's functions: 

^^ITt J^l— l^^^-^) = • ■■^-^r.)c{J) (2.12) 
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Now the physical meaning of the effective action can be seen by taking derivatives and 
putting the source J to zero in the definition (12.11) . 

First, just setting J = without taking a derivative we get: 



cl\ 







(2.13) 



where (y?) just means {(f)(0). This means the effective action has its minimum at the vacuum 
expectation value of the field(s). 

Taking one derivative with respect to J„ in (12.11) gives: 



5, 



1 d^T{ip 



cl\ 



(2.14) 



Now if we put J = on both sides in (12.141) the righthand side becomes the inverse of the 
ordinary connected 2-point Green's function: 



(2.15) 



This means that the second functional derivative of the effective action at its minimum is 
equal to h times the inverse connected 2-point Green's function. 

Taking two derivatives with respect to J and putting J = in (12. ip gives: 







d^p^'dcpfdif-^ dJj, 9J„ dJ, 



+ 



d(pfd(pfd(p[ 



IPI 



(2.16) 



This means the third functional derivative of the effective action at its minimum is equal to 
—h times the IPI 3-point Green's function. 

By taking more derivatives with respect to J and putting J = it can be shown that 



(9"r((^^ 



IPI 



(2.17) 



These relations show that when we expand the effective action around its minimum, read 
off the propagator and the coupling constants like we would read them off from the bare 
action, the Feynman rules thus obtained would give the complete physical Green's functions 
at tree level. This is the meaning of the effective action, from it one can immediately see 
the physical amplitudes. 
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2.3 The Argument for Convexity 

What is 'convex'? Although 'convex' and 'concave' are often mixed up in the world-wide 
literature, we shall stick to the definition that is most widely used in physics. A convex 
function V{{p) is a function that, for any ipi and ip2 (v^i and ip2 can be vectors), and any A 
in [0,1] (0 < A < 1), satisfies: 



V{\^i + (1 - A)^2) < Ar((/^i) + (1 - \)Vi^2) . (2.18) 

In words this means that a linear interpolation of V{ip) is always larger than or equal to 
V{ip) itself. Strictly convex means that the linear interpolation is always larger than V{ip) 
itself: 

V{X^i + (1 - A)v92) < XVi^i) + (1 - X)VM , (2.19) 

for all ipi, ip2 and A G [0, 1]. 

Now we show that the effective action of a Euclidean quantum field theory is always 
convex, in any dimension. 

An effective action F is convex if and only if 

> (2.20) 

for all and arbitrary vector p. It is easy to see that this condition is equivalent to fl2.18p . 
This condition is equivalent to 



/^ap/ ci\ 

P^P.^^c^>0 for all (2.21) 

In (12. Sp we showed that the eigenvalues of the matrix {ipiipj)c{J) are all strictly positive. This 
means that also the eigenvalues of the inverse matrix {{<^i<^j)c{J))^'^ are strictly positive and 
that 

p,p,{{^,V,),{J))-'>0 (2.22) 

for arbitrary p and all J. Using (12.140 we then see that (I2.20p is indeed true, so the effective 
action is convex. 

The effective action appears to be even strictly convex. However, this is not necessarily 
true. Although it is true that the eigenvalues of {ipiipj)c{J) are all strictly positive, it can 
happen, in the infinite- volume limit, that one of these eigenvalues goes to infinity. Then, of 
course, one of the eigenvalues of {{ipi(pj)c{J))~^ goes to zero in this limit. In this way the 
effective action can have flat directions, and it is not strictly convex, but just convex. 

This completes our proof that the effective action, and with it the effective potential, 
always have to be convex for a Euclidean quantum fleld theory. Our argument does not 
depend on the dimension of space-time, nor the number of different flelds in our quantum 
field theory. 
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2.4 The Effective Potential 

The effective potential is defined as the effective action where we take all fields constant over 
space-time divided by the volume of space-time. Up to now we have employed a general 
formalism in which we did not explicitly specify what the index of the field if meant. To 
obtain the effective potential we have to specify this. Let's say we have fields ipi, . . . , ip^, 
all depending on space-time coordinates x. Here x is a rf- vector containing all space-time 
coordinates. 

To obtain an expression for the effective potential we first expand the effective action 
around its minimum. We denote the deviation of the y?- fields from their value {(p) by rji, 
i = 1, . . . , N. Then the effective action can always be expanded as: 



r(r?i,...,r?7v) = 

ViliXl)Vi2iX2) + 



^ ^ (fxid'^X2 ^ ^ 



2\ J 5r]i^ixi)6r]i^{x2) 

1 f 6^r 

— / d'^xid'^X2d'^X3 



3\ J ^r]ii{xi)^r]i2i^2)Sr]i3{x3) 



rii=0 

Viiixi)r],^ix2)Vi3ix3) + 



V^=0 

(2.23) 



Now we use f l2.15p . (12.161) and (I2.17P to obtain the following expression for the effective 
action: 

T{r]i, . . . ,riN) = TT, I d'^Xid'^X2 h{{r]i^{xi)r]i^{x2))cy^ r]i^{xi)r]i^{x2) + 



2! _ 
1 

3! 
1 

4! 



d'^xi . . . d'^xs h{r]i^{xi) . ■ ■r]i^{x3))ipi %(xi) . ..T]i^{x3) + 
d'^xi . . . d'^Xi h{rii^{xi) . . .?7i4(x4))ipi //^^(xi) . . .rii^{xi) + 



(2.24) 

Now we can take all ?7-fields constant to obtain the effective potential V^(?7i, . . . j'/^at): 
d'^x ) y(?7i, . . . ,?7Ar) = [ d'^Xid'^X2 {{'ni^{xi)'qi^{x2))cy^ + 



2! 



-TT^ii ■■■Vii / d'^^l ■ ■ ■ d'^^i iVhixi) . . . ?7i4(x4))lPI + 



h 

-^Vh---Vis I d'^xi. . .d'^X3 (?7ii(xi) . . .?7i3(x3))iPi + 

n 

(2.25) 

Now if the fields rji correspond to physical particles, then the 2-point connected Green's 
functions are only non-zero when the in- and outgoing lines are of the same type. Then 
this propagator becomes diagonal in momentum space and finding the inverse propagator is 
very simple, it just means literally inverting it. So, writing the Green's functions in terms of 
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the momentum-space Green's functions, the expression for the effective potential becomes 
particularly simple: 

V{r]i,...,r]N) = § ^^.(0) ~.(o))^ ^i'^i ~ ^(^n(0) • ■ ■%(0))ipi Vh ■■■Vi3 + 

-^(%(0) • ..fliM)iPi ri^,...rii, + ... (2.26) 
Here denotes a d-vector with only zeroes. Now we also know that: 

{Vi{p)Vi{-p))c = — 2 — f,/^ t \~ ( u — (2-27) 

p2 + ^2 _ h{rii{p)rji{-p))ipi 

and with this the effective potential can be written as: 

-^(%(0) • • •r/.,(0))ipi ri,,...7^,, + ... (2.28) 

Another convenient way to write this is: 

1 °° 1 

ii+-+iiv>2 

This is the well known vacuum-graph formula. 



Chapter 3 

The N = 1 LSM: The Canonical 
Approach 



In this chapter we shall present the canonical approach to the = 1 linear sigma model. Our 
calculations mostly follow the well known text books on quantum field theory (e.g. P, ITO]). 
The renormalized Green's functions and the counter terms will be computed, the latter will 
be used in later chapters. Also the effective potential will be calculated and shown to be 
complex and non-convex in general. 

The Euclidean linear sigma model with = 1 field is defined by the bare action 



S 



(fx 



\ iy^{x)f - \^^\x) + Kp\x) 



Here x denotes a ci-vector containing all space-time coordinates 

( Xx\ 



X = 



and V is the (i-vector 



( d/dxi \ 



V = 



(3.1) 



(3.2) 



(3.3) 



y d/dxd j 

These notations shall be used throughout this thesis. yU Is understood to be positive, /i > 0, 
so we have a non-convex classical potential and thus SSB in the canonical approach. 



3.1 Green's Functions 



To compute the renormalized Green's functions we introduce the following renormalized 
quantities: 

1 



R 



XZ^ - 6, 



(3.4) 
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From here on we shall suppress the R-superscripts, understanding that we always work with 
renormalized quantities from now on. Written in terms of these renormalized quantities the 
action is 

s = jd'x Q (v^)^ - \^^^' + + 

\h (V^)^ - + 1^^) . (3.5) 

Now the classical action (i.e. the first line of (13.51) ) has its minima at: 




V?min = ±V ,V = \ — . (3.6) 



In the canonical approach it is postulated that also the quantum field has its vacuum ex- 
pectation value at one of these classical minima. Which minimum does not matter for the 
physics, so we choose 99 = +v. Therefore we express the action in terms of the field r/, which 
indicates the deviation from this minimum: 

(p = v + r]. (3.7) 

The action then becomes 



Now all except the first two terms are treated as perturbations. For convenience define 



fi = }:m?. The Feynman rules of this theory are then given by: 



h 

^2 _|_ yyi2 



3.1. GREEN'S FUNCTIONS 



15 




Now we compute the connected momentum-space Green's functions up to one loop. In 
the case of the 3- and 4-point function we will calculate the IPI-part of the connected Green's 
function, since it is this part that occurs in our renormalization conditions. We shall write 
all results in terms of the standard (i-dimensional one-loop integral J: 

/ (gi, mi, ga, ^2, . . . , g„, m„) = 

^ ''d'k ^, , ^ , , , \, ^ ^ (3.10) 



{27rYJ (^k + qiY + mj {k + q2) + ml (A; + g„) V 




+ 



3h r I 

--- /(0,m) + — 6^\n 
2 V 



1 

6 m? 



(3.11) 



{v (p)^(g))c 



+ 




+ 




+ 



+ 



n 1 
+ 



r + m? (p2 + ^2)^ \ 2 f 



/(O, m,p, m) + 3 — — /(O, m) 



(3.12) 
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ipi 




+ 



27 



l{0,m,qi,m, -q2,m) 



hv 

+ (/(O, m, qi, m) + /(O, m, q2, m) + /(O, m, gg, m)) 

^ A I 

n 



(3.13) 



(qi) ■ ■ ■ V {q^)) 



IPI 





2 permutations + 



+ 5 permutations + 



+ 2 permutations + 



3m2 
81m® 

+— 

27m6 



9m^ 



/(O, m, gi, m, gi + q^, m, —q2, m) + 2 permutations 
/(O, m, gs, m, gs + q^, m) + 5 permutations 



+ 



2t;4 

^ A I 
h 



/(O, m, gs + g4, m) + 2 permutations 



(3.14) 



Now our theory contains three free parameters, Z, n and A. To fix these we need three 



3.1. GREEN'S FUNCTIONS 

renormalization conditions. We shall use the following conditions: 
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Res 




(3.15) 



The last condition states that the physical 4-point coupling at gi = . . . = ^4 = is A, i.e. 
we have chosen the renormalized A to be equal to the physical 4-point coupling constant 
at gi = . . . = g4 = 0. The first condition states that {(p) = v = ^/gJjJX at all orders in 
perturbation theory. This means we have also chosen the renormalized v to be equal to the 
physical vacuum expectation value of the 99-field. This condition fixes (the renormalized) fi. 
This in turn fixes the physical mass mph, which can be calculated from the 2-point Green's 
function. Note that rripj^ is not equal to the classical value 2/i. The second condition fixes 
the wave function renormalization Z. This second condition is equivalent to: 



Res 




h 



Res — — - ,, „, = h lim 



p2 + 



ph 



p2 _|_ _ fij\(^p'i'^ 



h lim 



p2 =mpj^ 



(3.16) 



where 




(3.17) 
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With these conditions it is now easy to determine the counter terms: 
5f,\n 



3 hm^ , , 9 h,m'^ , , h,m^ 

J(0, m) + /(O, m, 0, m) - 27^- /(O, m, 0, m, 0, m) + 



2 

81 /im^ 



4 t;2 

/(O, m, 0, m, 0, m, 0, m) 



5 



2 

— J(0, m, 0, m) - 162^ /(O, m, 0, m, 0, m) + 

2 f"' f"' 

2A3—- 1(0, m, 0, m, 0, m, 0, m) 
2^ ^^(0'-'^'-) 



(3.18) 



o 9 



ph 



mph Can be calculated up to order h from the 2-point function (13.121) . Substituting the 
counter terms obtained in (I3.18P and Dyson summing the result (13.121) gives 



h 



p2 _|_ _ fij\(^p'2'j 



(3.19) 



with 

A{p') 



9m'^ 9m^ 2 r/n N 

-— l{0,m,p,m) - -—p —l{0,m,p,m] 
2 f ^ 2 ctp^ 



9 TTZ 

-— J(0,m,0,m) + 
2 



ph 



m 



6 



54^- /(O, m, 0, m, 0, m) — 81— /(O, m, 0, m, 0, m, 0, m) 

y2 yZ 



Now the solution of 



+ - /lA(p^) = 



(3.20) 
(3.21) 



is —rrip^. It is easy to obtain this solution, of course up to order h: 



m 



ph 



2 9 hm^ 
m +- — ^/(0,m, 0,m) 



9 hm^ 



2 

9 /im® (i 



2 



l{0,m,p,m)\ 



+ 



2 f2 dp"^ 



/(O, m,p, m) 



-54- 



/(O, m, 0, m, 0, m) + 



/(O, m, 0, m, 0, m, 0, m) 



(3.22) 



It is easy to see that for d < 4 this mph is indeed finite. However for d > 4 it is not! 
This shows that our = 1 linear sigma model, like all yj^-theories, is non-renormalizable 
for > 4. 

Now it can also be shown that the 3- and 4-point IPI Green's function (I3.13|3.14p . and 
in fact all ra-point Green's functions are finite at one-loop order, for d < 4. 

Now we have fixed all of our parameters in terms of the physical parameters. Our 
renormalized A is just equal to the physical 4-point coupling Aph, an so is our renormalized 
V = fph. This then fixes our renormalized /i (and with it m): /i = Aphfph/6. Then all counter 
terms as given in (I3.18P and the physical mass as given in (I3.22p can be expressed in terms 
of the two physical parameters Aph and fph. 
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3.2 The Effective Potential 

Now we want to find also the one-loop effective potential of our = 1 linear sigma model. 
We know that the effective potential V is given by the vacuum-graph formula, which, in the 
= 1 case, simplifies to: 

oo 

Viv) = ^rnW - (3.23) 

n=2 

This means to obtain the one- loop effective potential we just have to take the sum of all 
1-loop IPI diagrams with the appropriate factors and with zero momentum in the external 
legs. 

Let 77-3 and 714 denote the number of 3- and 4- vertices in a diagram. Then + 2ri4 is the 
number of external legs. Every 3- vertex in a diagram gets a 1/3!, every 4- vertex a 1/4!. For 
a diagram with (identical) 3- vertices we get a l/na!, likewise we get a 1/714!. To see how 
many ways there are to connect the legs of the vertices and the external legs we first decide 
which legs are going to be part of the loop. For each 3- vertex there are 3-2/2 ways to choose 
this, for each 4- vertex there are 4-3/2 ways to choose this. The legs that have been chosen 
as internal can then be connected in (2773 + 2714 — 2)!! ways. The other legs can be connected 
to the external legs in (713 -|- 2714)! ways. Then the one- loop effective potential Vi(7/) is: 



Viiv) 



n3,n4=0 ^ 

n3+n4>l 
l\"^/l\"'' 1 1 



^, , , „ , , ,3"^6"*(27i3 + 27Z4 - 2)!!(n3 + 2^4)! 
3! / \4! / 77,3! 724! 

^ _^n3+2n4 I _^ 



(773 + 2774)! 



By substituting p = 773 + 774 we can replace the sum over 774 by a sum over p. The sum over 
773 can then easily be done with help of the binomial theorem. We find: 

^'^"^^ ~ 2i2nrJ "^^^ p (F + m^V v ^ 2v^'^ J + 

-h^r^-^^ r^'-^^r^'-^y^r^' (3.25) 

For d < 4 only the terms with p = 1 and p = 2 in the sum diverge. These divergences are 
supposed to be cancelled by the counter terms. It is easy to check that this indeed happens 
when we substitute the counter terms (I3.18P that we found before! After also expressing rj in 
terms of the original field (p = v + r] (exact relationship with the renormalization conditions 
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that we have chosen) we find: 

27 hm^ ( Srri^ \ 2 

Viiip) = —{ 1(0, m, 0,171,0, m) l(0,m,0,m,0,m,0,m) ] (ip'^ — v'^) + 

4 f"' \ 2 / 

Now for (i < 4 and p > 3 we have 



(27r)^ i + m2)P (47r)'>'/2 r(p) 



so that we get 



^i(^) = -f^(i;^(r(3-^/2)-^r(4-rf/2))(v.^-.^)V 



p—3 

What function this exactly is depends strongly on the dimension d, so to find an explicit 
result we have to specify d. 



3.2.1 d=l 

For = 1 we find: 

V,{^) = --hm + hmxIl + A^iv'-v^) - _ 2) + 2 _ 2)2 ^3 29) 

2 2 V 2f2^^ ^ 8 ^ 256 ) \ > 

In figure (13. ip = ^{^"^ — v'^Y = Vq + Vi are plotted as a function of yj/f for the 

case h = 0.1, m = 1, f = 1. 

It is easy to check that the minima of this 1-loop effective potential are still at (p = ±v, 
like our renormaliztion conditions (13.151) ensures. Expanding around the minimum (f = +v 
one finds: 

, 81 hm. 135 hm. ,n 405 hm. 2943 hm. 

Viiio) = -(UD-VY^ -(uD-vY^ ^(io-vY -(ip-vY + 

1^^^ 64 v^^^ ' 64 t;3 i ^ ' 2048 ' 

0{{^-vf) (3.30) 

Indeed there is no tadpole term, and also the 4-point term is absent, as imposed by our 
renormalization condition (I3.15p . From the 2-point term one can read off a mass correction 
However this is not the correction to the physical mass m?^-^. This correction is given 
in (I3.22p . and is in the case oi d=l: 

2 2 85 hm 
m^ = m + — — . 3.31 
32 
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Figure 3.1: Vq And = Vq + Vi as a function of ip/v for h = 0.1, m = 1, v = 1. 



Here we used the standard integral results given in appendix |Al 

So in our renormalization scheme the 2-point part of the effective potential does not 
give the physical mass. The reason is very simple, the one-loop correction to the effective 
potential is given by —hA{0), whereas the one- loop correction to the physical mass is given 
by —hA{—m'^), with A as defined in fl3.17p . To extract the physical mass mph from the 
effective action we need the complete effective action including the dynamical part, not just 
the effective potential. 

The 4-point part of our effective potential does give the physical coupling constant how- 
ever, simply because we put A = Aph at zero incoming momentum. 

Now there seems to be a problem with this 1-loop effective potential (13.291) . The argument 
of the square root in (13.291) becomes negative when 



< -v' . (3.32) 



This means the 1-loop effective potential becomes complex where the classical effective po- 
tential becomes non-convex, i.e. ^Ki(v^) ^ 0. Even in the domain where the 1-loop effective 
potential is defined there is something wrong, it can become non-convex\ In figure 13.11 V 
is indeed non-convex, however parameters can also be chosen such that it is convex where 
it is defined. However according to our general argument it should always be convex. As 
has already been discussed in the literature it is no problem that one finds a non-convex 
effective potential in the canonical approach, the proof for the convexity originates only in 
the path-integral approach. Also, only in the path-integral approach one can argue that the 
effective potential should be real and well-defined everywhere (see chapter [2]) . 
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3.2.2 d = 4: 

For the case ci = 4 we find, using fl3.28p : 

3 1 2 2n 81 1 2 2n2 /o qqN 

"8 (i^O^^^^ - " ) - 32 (4^0^^^^ - " ^ ^'-''^ 

In figure (13.21) Vq and = Vq + Vi are plotted as a function of ip/v for the case h = 2, m = 1, 
v = l. 




Figure 3.2: Vq And = Vq + Vi as a function of (/j/w for = 2, m = 1, f = 1. 

The minima are again at <y9 = ±v. Expanding (13.331) around (f = +v gives: 

, 27 1 hm^, x2 9 1 hm'^, 27 1 hm'^ , 

^ ^ + (3.34) 



40 (47r)2 . 

Again we see that there is no tadpole and 4-point part, in accordance with our renormaliza- 
tion conditions (13.151) . 

The physical mass mph can again be calculated from (13.221) . This calculation is some- 
what more involved now since we have divergences occurring at intermediate steps in the 
calculation. By using the standard integral results from appendix |X] we find: 



2 2 27 hm^ 1 5-\/3/im^ 1 /o 

^ 16 77"^ 32 TT 



Again, as in ci = 1, at first sight there is a problem with (13.331) . For ^p^ < |t>^ the 
argument of the logarithm becomes zero or negative, such that the one-loop effective potential 
is complex in this domain. Also it can become non-convex in this domain. Indeed the V 
in figure 13.21 is non-convex (although this might be a bit hard to see, it can be seen more 
clearly by plotting the derivative of V). 
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3.3 Instantons 

Instantons are classical solutions of the equations of motions, i.e. configurations that mini- 
mize the classical action, which are not constant (like (13. 6p ). but which go from one minimum 
to the other. Also these instantons should have a finite action. For a nice book on these 
instantons see [28]. 

So what about instantons in the = 1 linear sigma model? For dimension 1 it can easily 
be shown that there is a classical solution that takes one from one minimum to the other 
and that has a finite action. So for = 1 we should have included these instanton solutions 
in a complete treatment. In [29] such a treatment for the = 1 linear sigma model can be 
found. When including these instantons one will not find a spontaneously broken theory. 
This is well known, in one dimension there is no SSB, on account of tunneling. 

However, it is shown in general, by Derrick [30j, that for d > 1 no instanton solutions 
exist. Of course there exist solutions of the classical equations of motion that go from one 
minimum to the other, but these solutions have infinite action. Since we are mostly interested 
in higher dimensions, i.e. > 1, we shall not include instantons at all in this thesis. 
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Chapter 4 

The N = 1 LSM: The Path-Integral 
Approach 



In this chapter we discuss the path-integral approach to the = 1 Euchdean hnear sigma 
model. This means we take the path integral seriously and take into account both minima in 
our calculations. These calculations generally follow Fujimoto at al. [15] and Cooper at al. 
|18j . We will calculate the effective potential, which will be convex and well-defined. Also 
we will calculate some Green's functions and say something about the physics resulting from 
this approach. 

The action we will use is: 



Here, in contrast to the previous chapter, we have included a source term in the action, to 
be able to compute the effective potential via this source. In this action the field depends 
on the space-time coordinates x, and so does the source J in general. We however limit 
ourselves to the case where J is constant over space-time, since we are only interested in the 
effective potential and not the complete effective action. 



To find the renormalized generating functional and Green's functions we have to introduce 
renormalized quantities, as in fl3.4p . The source J is renormalized as: 



By renormalizing J in this way we ensure that by taking derivatives with respect to J one gets 
the renormalized Green's functions. As in the previous chapter we will drop the superscript 
R from now on. The action becomes: 





4.1 The Effective Potential 




S 





(4.3) 
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Now the two minima of the first fine in (14.31) can be parameterized as: 

2/it> / X TT 

J = — ^ smiSa) , < a < — 

3^3 ^ ^ 6 - 6 

2t> / 7r\ 2t> 

with = 6yu/A, as in the previous chapter. We see that in this parametrization 

-^<J<^. (4.5) 
3^3 3^3 

These hmits are exactly the values of J where one of the minima becomes unstable. When 
this happens it is a good approximation to take along only one minimum and the effective 
potential of the previous chapter can be used in this region. 

Now the action can be expanded around one of the minima ip±: 

= /rf^x(-(Vr^r + /i^2sin|-0r^^ + A^sin^^3 + £_^4^ 
9 4 

^ 2-2 ^ 2 • 4 I 

-jjv sm_|_ — -/if sm_|_ + 
o o 

sin± 6^ + -^^v^ sin| V + i^V? + 
+ sin| 6x^ rf" + ^-j=v sin± 5xrf + ^^a^/^ + 
-\v'sinl5, + ^v'sini5^ . (4.6) 

The counter terms cannot depend on the source J, so we can just as well use the counter 
terms as derived in (13.181) . These counter terms will still make all results finite. However 
they will not make our theory have the same physics as in the previous chapter, also because 
we take into account both minima now. For now we use (I3.18P and we will see what physics 
we get. 

The complete generating functional Z{J) is given by 

Z{J) = Z^{J) + Z_{J) (4.7) 

with 

exp (y-\s^ . (4.8) 

Now we take only the saddle-point approximation to Z±, i.e. discard all interaction terms 
(defined as all terms in the action of higher order than h). Below we will see that this saddle- 
point approximation will already produce the one-loop correction to the effective potential, 
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which we can then compare to our previous one-loop effective potentials. 

ry / T\ f^lrdf^ 22-2 2 22-4 2 ■ 2 x i i ■ 4: x W 

Z±[.J) = expl-- / d X \-m V sm^--m v sm^ --f sm^df, + —v sm^dxj I 
Vt] exp l^-i j d'^x Q (V?7)^ + ^sin^ rf^ 



(4.9) 

This last line can be calculated as follows (We call the space-time volume ^ = J d'^x.): 

A = jvr] exp(^-^j d'^x Q {Vr^f + ^M^r/^ 



If) r) 

A = M/(0,M) 



A ~ exp(^-^nj^Jd'^kln{k^ + M^)^ (4.10) 



Next we expand the logarithm around sin| = |: 
— ^ / d'^k In ( A;^ + mM 2 sini -- 

The first term in this expansion can be discarded since it is merely a constant, not depending 
on J and thus unimportant for physical quantities. Now the counter terms fl3.18p can be 
inserted and fl3.27p can be used to simplify the integrals in Z±{J). After some algebra one 
finds: 

Z±{J) = exp (-In {Vo (<^±) + V^ ((/.±) - Jy,^)] (4.12) 



h 

where Vq is the zero-loop effective potential when one takes along only one minimum, which 
is just the classical potential, 

Voi^) = -^f^^' + £-y (4.13) 

and Vi is the one-loop effective potential when one takes along only one minimum, which is 
given in (13.281) . Notice that this Z± has a J dependence through J and ip±. 

Now one can also see that if we take into account only one minimum, e.g. Z = Z+, we 
again get Vo{ip^^) + Vi{ip^^) for the effective potential, like we got in the previous chapter. This 
also demonstrates that the saddle-point approximation to Z± was enough to get the one-loop 
effective potential. It also demonstrates that the canonical approach is in fact equivalent to 
taking into account only one minimum in the path-integral approach. 

Continuing our calculation of Z = Z+ + Z^ and defining: 

(^ = ^{<^+ + V-), P = - <^-) , 

Ao^^ (K.(^+) + K,(^_)) , ^ 1 (Vi(^+) + Vi(^_)) , 

Bo^^ iVoiip+) - Voicp-)) , B,^^ iV,icp+) - V.icp.)) , (4.14) 
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we find 



and 



2 exp 



ifKJ) 



Ai - Ja) ) cosh ( ^^(^0 + Si - J/?) 



h—\nZ 
SJ 

dAi 



h d 



a 



dJ 



+ /3 



InZ 

dBi 



tanh ( ^nUp -Bo- Bi 

h 



(4.15) 



(4.16) 



Now by inverting this {(p){J) we find J{(f^^), which is equal to the derivative of the effective 
potential ^^mm^ where the superscript '2min' denotes that we included both minima. 

This derivative of V^^^'^ is plotted in figure (14. ip for the case of c? = 1 and h = 0.1, m = 1, 
V = 1, Q = 10. Also the derivative of the one-minimum effective potential (13.291) is plotted 
for comparison. In figure (14. 2 p the derivative of y^mm -g plotted for the case of d = 4 and 




Figure 4.1: g^V^^™™ And as a function of Lp/v for d = 1 and h = 0.1, m 



l,v 



h = 2, m = 1, V = 1, Q = 100. Also the derivative of the one-minimum effective potential 
(I3.33P is plotted again. 

By plotting the same case for larger and larger Q it is easy to see that in the limit Q ^ oo 
one gets an effective potential with a flat bottom. This is the Maxwell construction of the 
one-minimum effective potential. That one gets this Maxwell construction can also be seen 
from f l4.16p . It is easy to see that for small J we have: 



{ip){J) = t;tanh ( ^njv + 0{J^' 



+ 0(J) ^ ?;tanh ( -^Jv 

h 



(4.17) 



For Q —>■ oo this becomes a kink. 

So indeed we get a convex and real effective potential in this CclSG, clS dictated by our 
general arguments from chapter O For finite space-time volume ^2 it is even strictly convex. 
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Figure 4.2: ^^h-^^™" And -^etV as a function of ip/v for d = A and ^ = 2, m = 1, f = 1, 
= 100. 

For f2 — > oo our effective potential is not strictly convex because in this limit we have 
that 

{ip{x)v{y)), = v^ + 0{h), (4.18) 

as will be shown in the next section. If we consider this as a matrix, like we did in section 
(12. 3p . one can see that this matrix has eigenvalues equal to infinity. A function f{x) and a 
value kf are eigenfunction and eigenvalue of our matrix {ip{x)(p{y)) c if: 

j d% {^{xMy))c f{y) = kffix) (4.19) 

If our matrix is just (at lowest order) one finds 

J d% f{y) = kffix) fix) =f^kf = v'n, (4.20) 

which shows that all eigenvalues are infinite. If we include higher order terms in {(fix)(fiy))c 
(many of these are normalizable, i.e. give a finite result when integrated over) the argument 
changes, but one will still find at least one eigenvalue equal to infinity. This means that the 
eigenvalues of the inverse matrix can become zero for infinite volume and that the effective 
action is not strictly convex, but of course still convex. 

4.2 The Green's Functions 

Now we calculate the Green's functions of the theory, to discover what physics this theory 
gives. In section (12.21) we showed that the functional derivatives of the effective action are 
related to the Green's functions of the theory. Because we find a fiat bottom here, we also 
get different Green's functions than in the canonical approach. 
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First we compute the tadpole: 

(y?+(0) + ?7(x)) e-^s+(^=o) + /Pr/ (v9_(0) + 77(3;)) e-^^-(-^=o) 

(y+(0) + (r^(x)) + (0))Z+(0) + (y,(0) + (r^(x))-(0))Z_(0) 

Z+(0) + Z_(0) ^ ■ ' 

Here 99+, 5+, 5-, Z+ and Z_ are all defined earlier in this chapter, and {ri)± is given by: 

This is just the ?7-tadpole from the canonical approach. Now we know: 

<^±(0) = ±v 

Z±(0) = j I)r/e-^^±(^=°) = Z+ 
{v)±{0) = j Vr]7]{x) 6-^^^^-^=^^ = ±{r]) + {0) (4.23) 

So we find 

(^(x)) = . (4.24) 
In the same way we can find the 2-point Green's function. 



{if{x)^{y)) 



e B 



iS{J=0) 



/ Vri (ipliO) + ip+{0){ri{x) + r]{y)) + r]{x)ii]{y)) e-^^+(-^=o) + (+ 



/I?77 e-'i^+(^=°) + (+ ^ -) 
= v^ + 2v{r^)+{Q) + {'n{x)r^{y))+{Q) (4.25) 

Here {ri{x)'r]{y)) + {0) is again just the ?7-propagator from the canonical approach. With the 
counter terms that we chose in this canonical approach (and that we will use for the = 1 
linear sigma model in the whole of this thesis) we find, up to one-loop order: 

i'M)}^ + pip /"'P + (^J^)' ^C^)) • (^-^o) 

with A given in (13.201) . 

In the canonical approach we found for {^p{x)) and {{p{x)ip{y))c'- 

(Remember that we chose the positive minimum in the chapter [31 ) 

Clearly the tadpole and the (/^-propagator (it is questionable whether one can still call 
this a propagator) are different than in the canonical approach. 
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4.3 The Green's Functions Near Another Particle 

In the previous section we saw that the Green's functions one finds in the path-integral 
approach are very different from the Green's functions that one finds in the canonical ap- 
proach. Now we can ask: What happens to the field cp near another particle that it couples 
to like Lp{x)ilj'^{x) (like the Higgs)? Near a i/-'-particlc wc have ip'^{x) ^ 0. This means this 
'?/'-particle acts like a source-term. So to compute the Green's functions of the (/9-field we 
can proceed as in the previous section, not setting the source to zero now, but setting it to 
■0^. It should have become clear that when ^ immediately one of the minima is fa- 
vored non-perturbatively. Then the Green's functions become what they are in the canonical 
approach. 

This means that in this path-integral approach the (^-field acts the same as in the canon- 
ical approach near other particles, however it acts completely different far away from other 
particles. Far away from other matter there is no SSB, and also the propagator is very 
different. Near particles there is SSB, and the </?-field gives a mass to the V'-particles. It is a 
very interesting, but difficult, question what this exactly means for the physics involved in 
the (/9-field sector. Is this perhaps also a good mechanism to give masses to other particles? 
In this thesis we shall not go into this question further. 
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Chapter 5 

The = 1 LSM: Fixing the Paths 



In this chapter we will again discuss the Euclidean = 1 linear sigma model from the path- 
integral viewpoint, however now we shall introduce an extra constraint in the path integral. 
We will keep the paths fixed at a certain time — T at some specific value over all of space. 
In this way we hope to construct a path-integral model which has the same physics (i.e. 
Green's functions) as the canonical approach. 

The idea of fixing the paths is very much like what Fukuda et al. [22], O'Raifeartaigh 
et al. [21] and Ringwald et al. [23] do in their papers. However they fix some space-time 
average of the field to some value, whereas we fix the field itself. The latter seems the more 
natural thing to do, when trying to induce SSB. Also, in these articles nothing has been said 
about the renormalizability of these models. 

In the first section below we will show how to deal with a constraint in the path integral 
in case of a free field theory. After that we will proceed with the A^ = 1 linear sigma model. 
We will show that this model, together with the path fixing constraint, is renormalizable at 
1-loop order. We will calculate the alternative effective potential at lowest order and some 
Green's functions, and find that indeed we recover the physics as found also in the canonical 
approach. 



5.1 The Free Theory with Fixed Paths 

To get some feeling for what it means to have the paths in the path integral fixed we consider 
a free field theory. The action of a Euclidean free field theory, including source term, is: 

S = Jd'x Q {Vp{x)f + ^-fip\x) - J{xMx)^ . (5.1) 

Now, in the path integral, we are going to keep all paths fixed at p at time —T and over 
all of space: 

ip{x, —T) = p W X . (5.2) 

By X we mean the d — 1-vector containing all space coordinates. The generating functional 
Z{J) is given by: 

Z{J) = j Vp e-s^ . (5.3) 
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To find the effective action and the Green's functions we need to know the y)-tadpole 
{(p{x)){J). To find this we can expand the action around the classical solution. To compute 
the classical solution we must find the minimum of the action, taking into account that we 
only accept solutions satisfying the constraint (15.21) . This constraint can be built in by using 
a Lagrange multiplier field X{x). Then the problem reduces to minimizing 

S + j d'^-^x A(f) {ip{x, -T) - ^) (5.4) 

with respect to (f{x) and X{x). This means the classical solution ipc satisfies 

- VVc(^, t) + fiifcix, t) - J{x, t) + \{x)5{t + T) = , (5.5) 

and ra . 

By passing to Fourier fields: 

(^,(f,t) = ^/ d'k Uk) e^'^-^ 
J{x,t) = ^/ d'kJ{k)e''-^ 
X{x) = [ d'-'k ~Xik) e^'- (5.6) 



equation (15. 5p can easily be solved: 



Vcix, t) = -±- I d'k e*^M^(M^ . (5.7) 



{2'kY J P + /i 

The Lagrange multiplier can be fixed with the constraint (15.20 



1 /• J(A;)e-*^ 



\[k) = 2^Jk^ + ^^\-{2^,Y-'^5''~\k) + - J dkt"-^^f^ ] . (5.^ 
Substituting this in the classical solution we found gives: 



ro \d I "^"^ J(^) e'"^" e-v^l*+^l e-"''^—^ (5.9) 

Now the new action ( 15. ip can be expanded around this classical solution, 

(p{x) = (pc{x) + r]{x) , (5.10) 

to obtain: 



1 



S 



d'x Q {V^cixyf + ^fi^lix) - J{x)^c{x) \ + I d'^x Q {Vr]{x)f + 



(5.11) 
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In this way the y^-tadpole {ip{x)){J) can easily be calculated: 

{ip{x,t)){J)=ip,{x,t) . (5.12) 

This simple relationship is of course caused by the fact that the path integral just gives an 
overall constant, not depending on the source J. This is because we are working with a free 
theory here. 



5.1.1 The Green's Functions 

Now the v^-tadpole and propagator can be calculated. To obtain the tadpole just set J to 
zero in (15.121) . To obtain the propagator take a functional derivative with respect to J{y) 
and then put J to zero in (I5.12p . Taking more derivatives with respect to J in (15.121) gives 
zero, so higher connected Green's functions are zero, as expected in a free theory. We obtain 
the following results: 

^ik-{x-y) 



(5.13) 



Indeed we have, as expected: 



{if{x,-T)) = if 
{ip{x,-T)ip{y))c = 

{^{x,-TMy)) = ^{^{y)) (5.14) 



5.1.2 The Effective Action 

To obtain the effective action we have to invert the relation (15. 9p . This can be done by 
letting the operator — + fi work on both sides of (15. 9p . One gets: 

(1 r rz pik-x-iktT J ( 

2v^(^ -J^,jd''k2^Jk^ + ^, ^ j 5{t + T) + J{x) 

(5.15) 

From this we see that J has the form: 

J[x) = -VV(a;) + f^vix) + A{x)S{t + T) , (5.16) 

where A{x) is a some functional of the field ip{x). Now the A has to be fixed by inserting 
this J in (I5.15p . However, when doing this, one finds that A drops out of the expression. 
Instead, after some algebra, one gets a condition for ip: 



ip{x, — T) = {p W X 



(5.17) 
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This means we find the inverse J to be fl5.16p . but this inverse can only be found when 
the field ip satisfies the constraint (15. 2p . This is expected, because the right hand side of 
(15. 9p only gives a result that obeys the constraint, if someone would come up with a ip that 
does not satisfy (15. 2p . there would simply be no solution J that gives this (p. 

Also A remains undetermined, simply because adding a term like A{x)6{t + T) to the 
source does not change the Green's functions (i.e. the physics) because the field is fixed at 



Finally, by integrating (]5.16p with respect to the field cp, one can find the effective action 
now. Clearly this effective action is not unique. Here we find ourselves exactly in the 
loop-hole situation described in the first section of chapter [21 It can easily be seen that 



simply because of (15.140 . This means M{x)6{t + T) is an eigenfunction of the connected 
propagator with eigenvalue zero. So the connected propagator has no unique inverse. 

So clearly the effective action cannot be defined uniquely. We saw above however that 
there are several functionals J which are a solution to (15.151) . So in that sense several effective 
actions can be defined in this case. However these are not necessarily convex, because the 
argument for the convexity in chapter [2] assumes that there exists a unique inverse. It is 
easy to construct an A{x) which gives a non-convex effective action. 

Also note that, if we choose one of the possible effective actions, it is not possible to define 
an effective potential. Setting the field to a constant, which is what one would normally do 
when finding the effective potential from the effective action, is not possible in this case 
because a constant field does not satisfy the constraint (15. 2p in general (except ip = ip). This 
would bring us outside the domain where the effective action is defined. 

What one can do, is define an alternative effective potential from (15.160 . If we consider 
(I5.16P and the field ip for large t, i.e. t ^ —T, then it is allowed to put the field to a 
constant. If we then integrate (15.160 with respect to ip we have constructed an alternative 
effective potential. In this free field theory this alternative effective potential will be the 
same as the effective potential of a free field theory without the path-fixing constraint. 

5.1.3 Conclusions 

In the case of a model where we fix the paths in the path integral at some value ip at some 
time — T over all of space we have the following conclusions: 

• The effective action is defined on the domain of fields that satisfy the constraint, but 
this effective action is not unique and in general not convex. 

• The effective potential can not be defined in the ordinary way. 



t = -T. 




(5.18) 



is zero for the case 



p{x) = M{x)5{t + T) , 



(5.19) 



An alternative effective potential can be defined as the anti-derivative of J{x) for times 
t > -T. 
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This last definition of an effective potential we shall use whenever we are dealing with a 
model with fixed paths. 
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5.2 The N = 1 Linear Sigma Model 

Now we proceed with the Euchdean = 1 hnear sigma model. The action of this model, 
including source term, is 

S = Jd'^x Q(V¥.(x))2 - l^^^'ix) + ^^\x) - JixMx)^ . (5.20) 

Again we take all paths in the path integral fixed at (f at time t = —T for all space-points x: 

ip{x,-T)=(^ Vx. (5.21) 

We take the source J in fl5.20p to be a constant, first of all for practical purposes, our 
calculations are simply too difficult when this source is also space- and time-dependent. 
Secondly at the end of the day we will only be interested in the alternative effective potential, 
for which it is enough to consider only a constant source J. 

In terms of renormalized quantities the action fl5.20p becomes: 

S = J rf'^xQ(V^(x))2 - ^f^v'ix) + ^^\x) - Mx) + 

lSz{Vcp{x)f - \6,^\x) + ^^^\x)^ . (5.22) 

First of all the minimum, or in this case minima, of the classical action (i.e. the first line 
of (15.221) ) have to be found. Because of the boundary condition fl5.2ip this is far from trivial. 
Then the action has to be expanded around one of these minima (later we will then sum the 
contributions from all minima). The action will have three parts: the classical action, the 
quantum fiuctuations and the counter terms. Because the classical solutions will be quite 
complicated, also calculating the classical action will not be as easy as it sounds. Also the 
path integral of the quantum fiuctuations has to be calculated. In our treatment we shall 
only take the saddle-point approximation around each minimum, which means only Gaussian 
fiuctuations are kept, all interaction terms are discarded. Even in this approximation it is 
very difficult to compute the path integral, as we shall see. We will only look at the divergent 
parts, to see whether this theory is renormalizable up to 1-loop. We will find that this is 
indeed the case. Then, knowing that everything is finite we can calculate the alternative 
effective potential at lowest order. Also we can compute the Green's functions and compare 
with the canonical approach. 

To make all these remarks more concrete we work out mathematically what we have to 
do. First we have to find the minima of the classical action, i.e. the first line of (15.221) . under 
the condition (15.211) . To implement this condition we add to the action a Lagrange multiplier 
term and minimize this object with respect to the field cp and the Lagrange multiplier A'. 
The action plus the Lagrange multiplier term is given by: 

J d'x Q(Vv.(a:))2 - ^^.cp^x) + ^^\x) - Mx)^ + J d'-'x X'{x) (^(f, -T) - ^) . 

(5.23) 
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Minimizing these two terms with respect to the field and the Lagrange multipher we find: 

-V^(p{x,t) - fiip{x,t) + ^ip^{x,t) - J + \'{x)5{t + T) = 

f{x,-T) = ^ (5.24) 

Now the last term in the left hand side of the first equation forces the classical solution (f 
to be time dependent, however there is nothing that forces the solution to be dependent on 
the space-coordinates x. The true minima of the action will have no x-dependence, since 
this dependence will only increase the action. So we will limit ourselves to find only classical 
solutions which only depend on time. In this case the Lagrange multiplier necessarily has to 
be constant. So we should solve: 

^(-T) = ^ (5.25) 

Solving this system will be the subject of the first section below. 

When we found solutions to this system the action fl5.22p can be expanded around such 
a solution. Calling the classical solution (pc{t) and the fiuctuation around it ri{x,t) we find: 



S = j d''x{^{yip, + Vr,f-]^ii{ip, + r,Y + ^{ip,+ 



7]Y - J{ip, + ri) + 



1^ d"^ 1 2 I 4 I 



5a 3 5a 4 



(5.26) 



Now we will make the saddle-point approximation, so we will only keep terms up to order 
yf, i.e. order h. Discarding all interaction terms and recognizing that the first line in the 
expression above is just the classical action Sc we find: 



S = S^ + Jd'x Q(Vr/)^+(-^/^ + ^ 



Vl]v^ - \^zVc^Vc - ^S^^l + ^ifl ] (5.27) 
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With this action the generating functional around one minimum is given by: 



Z{J) = e-n^^ J Vt] exp J d'x [^{VvY + l^" + I^' ) ^ 
exp (-i Jd'x [-\h^c^,^c - \W. + 
5.2.1 The Classical Solutions 



(5.2^ 



Now we solve the system f l5.25p . Of course we need more boundary conditions than ip{x, —T) = 
(f to solve this differential system. What we will demand from our solutions is that, 
when t ±oo, ip will converge to one of the two static minima ip± of the potential 
— + ^yj^ — Jip. This means: 

^(t) cp± , ^0 for t ^ ±oo . (5.29) 

Of course we use these boundary conditions because we are looking for solutions giving 
a finite, minimal action. Below these conditions will appear to be sufficient to solve the 
differential system. 

Before we start calculating note first that the differential system (I5.25P corresponds to 
a mechanical problem of a particle with unit mass in a potential V{x) = — ^x^ + Jx 
when t 7^ —T. For t — ^ — oo the particle starts at one of the static minima ip±, then it travels 
such that it is at at t = —T. Then the Lagrange multiplier term gives the particle just 
such a kick that it reaches one of the static minima again for t —>■ +oo. In this way we have 
a nice intuitive picture that helps us to solve the differential system fl5.25p . 

We divide our time domain in two intervals, region 1 where t < —T and region 2 where 
t > —T. In these regions the delta-function term is absent of course. First we consider region 
1. From the first equation in fl5.25p we find by multiplying by = ^y? and integrating with 
respect to time: 

For t —>■ — oo if should go to zero and should go to one of the two static minima ip±. We 
denote the minimum ip goes to for t —>■ — oo by ipi. With this we can immediately fix the 
constant of integration a: 

a = -2^^vl + - JVi (5.31) 
So in region 1 we should find a solution to: 



= ±^ -^^{^^ - vl) + V\) - 2J(^ - ^i) (5.32) 

By dividing by the square root on both sides and integrating over time again we find: 

dip =t + f3 (5.33) 
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The constant (3 can be fixed with the second equation in fl5.25p . One finds: 

±1 

P = T+ I dip = (5.34) 

And finally the solution in region 1 becomes: 

fit) -|-]_ 

d<p ^ =t + T (5.35) 

_^(^2 _ ^2) + ^(^4 _ ^4) _ 2J(^ - ^0 

Now one should worry a little about the roots of the argument of the square root. In the 
corresponding mechanical problem this argument gives (twice) the energy the particle has 
at time — oo minus the potential energy at position ip. This is just the kinetic energy of the 
particle at position (p. Clearly the regions in (p where this kinetic energy becomes negative 
are forbidden. Also the roots of the argument can only be reached for t — >■ ±oo, as can easily 
be seen in (15.351) . This means a solution ip{t) always stays between two roots. 

The solution ( 15.35^ can be simplified by passing to a different variable: 

, ^W_^ (5,36) 
If we also define the new dimensionless quantities 

nil = — , J = , X = — (5.37) 

V V IjLV 

then the integral equation fl5.35p can be written as 

/(*) ±1 



/ '^^V(6m?-2)/2 + 4mi/3 + /4 V 2 + ' ^^'^^^ 

The linear term in / in the square root has dropped out because mi satisfies ml — rrii—x = 0. 
Of course the same steps can be done in region 2, where t > —T. There we obtain: 

^^^^ ±1 fu 

dg , = Jtl(t + T), (5.39) 

\/{6ml - 2)g^ + Am2g^ + \^ 
with 

g{t) = , ma = — , g = . (5.40) 

V V V 

Now we can explicitly solve (I5.38P and ( I5.39p . We will demonstrate the procedure for 
region 1, of course things go completely similar in region 2. First remember that / can never 
pass a root of the argument in the square root. This means that for one solution, / always 
stays between two roots. For this reason we can write (I5.38P as 

±1 fH 

df =Jtl(t + T). (5.41) 

/- /v/(6m^-2)+4mi/ + /2 2^ ' 
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Of course the ± in fl5.4ip can be a different ± than in (15.381) . Next we switch to a new 
variable z: 



z = f - +Amif + P (5.42) 

Note that for J = 0, so mi = ±1, the argument of the square root combines to (/ + 2mi)^ and 
for / > 2mi the /'s in (I5.42p cancel, such that the variable substitution becomes nonsense. 
This just means that later on we have to be a bit careful in setting J = 0. After this variable 
substitution we do another one, 



6m? - 2 , (5.43) 

COSb' 



after which the integral in (15.411) becomes 

1 — cos 9 



dd- ^ 



^jQml - 2 i sin^ ^Qml 



In 



1 + cos 6^ 



(5.44) 



Writing this expression in terms of the / variables and substituting the appropriate bound- 
aries gives us 

/ - v^Gmf - 2 + 4mi/ + P~ ^Qml - 2 



/- ^Qml - 2 + 4mi/ + P + ^J^m\ - 2 

with 

/- v/6mf-2 + 4mi/ + /2- ^6mf - 2 



^]l (5.45) 



= V /. o , . . .2 rr-¥ ^ ±V'"(3^? - l)(t + T) . (5.46) 

/ - V6m? - 2 + 4mi/ + + A/Gmf - 2 V ^ / 

Now we know that for t — > — oo ^ has to go to y^i, so / has to go to zero. From (15.451) 
we see that fii has to go to ±oo in this limit. So we have to choose the minus-sign in the 
exponential. 

Finally solving (15.451) for / gives 

m = (5 

4mi(l - ^]l)2 + l^^ml - 2(1 - 

with 



n /- v/6;^2 + 4mi/ + /2- v/6mf-2 / ^^Z~^^u.T^\ (5 48) 

In region 2 we find likewise 

,(,) = ^{^ml-m. .5 49. 

4m2(l - + 2v/6m2 - 2(1 - fi^) ' 



with 



— 2 + 4m2(7 + f?^ — 1/67722 — 2 



^2 = ^, ^ / ' exp ( V/i(37772 _ i)(t + T) ) . (5.50) 

g — \/ 6ml — 2 + 47772(7 + S'^ + v Sw^i ^ 2 
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Figure 5.1: ip{t) as a function time t for (pi = (p+, (p2 
and a = 0.001. 



if., if 



-2, T = 0, ^ = 1, V = 1 



Note that here we had to choose the plus sign in the exponential in 0,2- 



In figures 15.11 and 15.21 one can see the solution plotted for two nice cases. 



Notice that when mi and 1712 are not equal we obtain an instanton-like solution, which 
takes the field from one static minimum to another. For dimensions greater than one we 
know that instantons do not contribute in the path integral (see Derrick [30] )• For this 
reason we shall only consider classical solutions for which mi = m2. Then there are in 
general two solutions, both symmetric around t = — T. However for some values of J and (f 
it can happen that one of these two solutions does not exist, which can easily be seen from 
the corresponding mechanical problem. 
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Figure 5.2: ip{t) as a function time t for (pi — (f^, (f2 — (fi+, (p — —0.5, T = 0, /i=l, ^ = 1 
and a = T^. 
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5.2.2 The Classical Action 

The classical action can be written as: 



1 ^ d V 1 o A 



, (i f d V 1 



Here we have used f l5.30p in the last step. 

Now for the solutions we are interested in, with mi = m2, this simplifies to: 



(5.51) 



Sc = 2v'L'-' ^ dt (|/) ' + L' (-i^y,? ^ _ j^^^ ^5 

The last term is the classical action of the = 1 linear sigma model where one does not fix 
the paths. This term is 

LV^f^sini-^sinl") , (5.53) 



with 



3^3 



, 7r\ 2/if 
sin-t = sin ( a ± — ) , J = — -= sin(3a;) . (5.54) 
3 / 3v 3 
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The first term is a little harder to calculate. Just inserting the solution for / (15.471) gives 
a very hard integral. However by using a clever trick things become doable. Remember 



= ±^-/i(^2 _ ^2) + ^(^4 _ ^4) _ 2J(^ _ , (5.55) 

for t < — T, where the plus sign has to be taken when <^ > (pi and the minus sign when 
if < (pi. This means 



df = ±J^\/iQml - 2)P + 4mi/3 + dt . (5.56) 



With this variable substitution the integral can be written as: 

' d \ < f jr 



dtl^f^fj = ±J^ c//y|^(6m?-2)/2 + 4mi/3 + /4 



(5.57) 



After some hard work this gives: 



d 



- v/2/i mi mi - 1 In . (5.58) 

Y 2mi + A/6mf - 2 J 

So finally we obtain for the classical action around the ±-minimum (realizing that mi 
can be m± = (p±/v and / can be f± = {i^ — {p±)/v): 

St = LV^Qsin|-^sini) + 

^v'L''-'^ ({fi + m±/± - 2) y/6m|-2 + 4m±/± + /| + 2^6ml-2^ + 

-2v^L'^-^^/2jlm± {ml - l) In 



2m± + /± + , /6mi - 2 + 4m±/± + fi 



2m± + ^yQ■m1 — 2 



(5.59) 



For /± = the last two line vanish, as expected, because then the classical solution just 
becomes a constant {(p±). 
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5.2.3 The Path Integral 

Now we wish to calculate the path integral 



J Vt] exp (^-^y d'^x 



A= I Vt] exp 



d'x[^-iWv{x)r + lMit)ri\x) 



with 



A 



(5.60) 



(5.61) 



Here ipc can be any of the two classical solutions we found (starting and ending at ip± = 
^sinj. 

To calculate this path integral we first perform a Fourier transform in space. To do this 
neatly we take all coordinates in the domain [— L/2, L/2]. Then 77 can be written as 



with the condition 



ri{x,t) = Vkr,...,k,.At) e-^('^^^^+-+'=''-^-^) 

fci,...,fc(i_i=— 00 

%i,...,fed_i = V-ki,...-ka-i 



(5.62) 



(5-63) 

to make r){x,t) real. From this condition one can see which variables are independent. We 
shall choose the following set of independent variables: 



Re fjk^,...,ka-i , ki + ... + kd-i > 

Vki,...,kd-i 1 



(5.64) 



Now we can write: 

-L/2 



L/2 00 

dt Yl Vki,...,ka-iit) 

^1"^ fci,...,fcd_i=-oo 



'•L/2 



+ ...+ 



2nkd^i 



/Ljj A ^ 
-V2 fci,...,fcd_i=-oo 
fei + ...+fed-i>0 



2nki 



+ ...+ 



fik,,...,kd_,{t) 
2nkd-i 



^ +M{t)jRerik,,...,k,_,{t) + 



Im f}k,,...,kd_,{t) ■ 

/2TTkiY f2nkd-iY A, _ 

-d^+M +-+(^) +M(.) Im (0 



+ 
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^ l-L/2 ^ 



^1"^ fei,...,fcd_i=-oo 
fei+...+fed_i=0 



-:^+^ +---+^^ +M(t) Re (t) 



-d-l 



-V2 fci,...,fcd_i=-oo 



In the last step we defined / as: 



-L/2 u ,., _ „ 

) +M(i)j (i) (5.65) 



+ ...+ 



Re fik^,...,ka_iit) for fci + . . . + kd-i > 
fk,,...,ka-,{t) = { j=,^efjk,,...,k,_At) foTk, + ... + kd-i = (5.66) 
Im fi_ki,...-ka-^ it) for /ci + . . . + /c^.i < 



Finally the path integral A becomes: 

fL/2 



/(-T)=0 



-^/^ fcl,...,fcd-l=-oo 
L/2 



^ +M(i)j (t) 



n / ^^/(t) exp f - 11'^-^ / dt fit) 



Note that we have reduced the problem of calculating the d-dimensional path integral A 
to the problem of calculating a 1-dimensional path integral. 

Now focus on this 1-dimensional path integral, which we call B: 

^ J Vfit) exp (^-II''-' f_'^^^ dt fit) (-^ + Pit)^ /(t) j (5.68) 



B = 

/(-T)=0 

where Pit), in our case, is: 



m = {^)\...+ (^)\M(t). (5.69) 
We will try to calculate this B with the following formula for Gaussian integrals: 



/ 



dxgdxi . . . exp ( ~2^' = (27r)'^^^ ^^ ^ , (5.70) 



5.2. THE N = 1 LINEAR SIGMA MODEL 



49 



where A is an x real symmetric matrix. 

If we make the time interval [—L/2, L/2] discrete by defining 

t = Ai-L/2 i = 0,...,N -1 , 

and if we define the discrete index j as the index belonging to the time —T: 

-T = Aj- L/2 , 

then B can be written as: 

'd-l\N/2 
TThAJ 



B = ( -^-^ 1 I dfo... dfj_idfj+i . . . dfN-i exp I — ^-^f- E^-if 



hA 



where / is a vector of length — 1: 



/ 



/ /o \ 

fj+i 

V fN-1 J 



and -Eat-i is the — 1 x — 1 matrix: 

/ 2 + A2/3o -1 



En-1 



-1 2 + A2/3i -1 



-1 

2 + A2/3j+i -1 



v 



-1 •. -1 

-1 2 + A2/3jv-2 -1 

-1 2 + A2/3jv_i / 



(5.71) 



(5.72) 



(5.73) 



(5.74) 



. (5.75) 



Note that the —1 in the lower left and upper right corner mean that we have periodic 
boundary conditions in our path integral. 
Now using fl5.70p we find for B: 



B 



Id-i 



Now it is easy to see that: 



vr^A ^det E^-i 
detE'Ar-i = detF/v-i , 



(5.76) 



(5.77) 
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with 



/ 2 + A2/3,+i -1 



\ 



-1 2 + A2/3j+2 -1 



-1 



-1 2 + A2/3jv_ 



2 + A2/3o -1 



V 



-1 

-1 2 + A2/3j_2 -1 

-1 2 + A2/3^_i / 



(5.78) 

So now we are interested in AdetF/v_i in the hmit of A ^ 0. This quantity can be 
found as follows. For det -F/v_i one can easily derive the recursion relation: 



det Fi= [2 + A'^f3i+j^N mod n) det - det Fj„2 



(5.79) 



where Fi is a i x i matrix with always 2 + A^/5j+i in the upper left corner, and: 



det Fo = 1 , det Fi = 2 + A'^pj+i . (5.80) 

Now define 

a{t) = A det Fi {t = Ai - L/2) . (5.81) 
Then, in the continuum limit the recursion relation (15.791) becomes a differential equation: 



d'^a{t) 

~dr^ 

with boundary conditions 



f3{t-T + L/2) a{t) 
(3{t-T- L/2) a{t) 



for -L/2 <t<T 
for T < t < L/2 , 



da 



a(-L/2) = 0, — (-L/2) = l. 
The 1-dimensional path integral B is now (in the continuum) given by: 

B 



(5.82) 



(5.83) 



(5.84) 



In essence we have now proven the theorem (7.40) in Das' book [29]. There he states 
that the determinant of an operator O, with boundary conditions ri{—L/2) = ri{L/2) = 0, 
is proportional to iIj{L/2), where iplt) is a solution to the differential equation 

dipit) = (5.85) 

with boundary conditions ip{—L/2) = 0, ^(— L/2) = 1. In our case the time is just shifted 
because we do not have rj{—L/2) = rj{L/2) = 0, but rj{—T) = ri{—T + L) = 0. 

Now the big question is: How do we find a solution to the differential system (15.82^ & 

(EHSD? 
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Trying to Solve IKET} 

So the differential equation we wish to solve has the form 



with 



b{t) a{t) = (5.86) 



, ^ f3{t-T + L/2) for -L/2 <t<T 
^ ' - \ f3{t-T -L/2) ioTT<t<L/2 

Our differential equation can be transformed to a Riccati equation by the transformation: 

7(t) = ^lna(t). (5.88) 



Then we get: 

^^^^)+f(t) = 6(t). (5.89) 



dt 

It is known that these Riccati type differential equations are very hard to solve, so there 
is little hope to solve our differential system. 

One last thing that can be done here is write (3{t) in a more convenient way, it appears 
this P{t) can also be written as: 

2nhy , , f27rkd-iy , /(t) 



for —L/2 < t < —T, where / is the solution in region 1, as defined in fl5.36p . For — T < t < 
L/2 this / should of course be replaced by the g from fl5.40p . 

However, even with this simplification it is very hard to solve our differential equation. 



If we would only have had the first d — 1 terms in fl5.90p . which are just a constant, the 
equation can easily be solved. Also, if we would only have the last term in fl5.90p . then the 
equation can also be solved for general /, because of the specific form of a triple derivative 
divided by a first derivative. However, when we have both terms, as in our case, it is very 
hard to solve the differential equation. 



5.2.4 The Divergences 

As shown in the previous section it is very hard to compute our path integral fl5.60p exactly. 
One important thing we can do however, is find the divergences hidden in this path integral 
and see whether they can be cancelled by the counter terms, such that (the physical part 
of) the generating functional (15.280 becomes finite. If we can indeed cancel all divergences 
with the counter terms, then we know at least that the corrections from the path integral to 
all physical quantities are higher order, i.e. small. Therefore the classical approximation to 
these physical quantities is already a good approximation. 

So let's see whether the divergences cancel. To this end we will compare the infinite parts 
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and 



Vf] exp 



\rj{x,-T)=0 



1 2 \ 2 

2/^+ ^V'c ) V 



I 



(5.92) 



Here we have taken a derivative with respect to the source J, since only the J-dependent 
part of the generating functional is important for physical quantities, so only in this part it 
is necessary that all divergences cancel. 

First consider the infinite part of the counter terms fl5.9ip . We use the counter terms 
that we found in the canonical approach fl3.18p . One does not expect the counter terms to 
change just because one fixes the paths. If we use these counter terms the infinite part of 
f l5.9ip becomes: 



dt (fc{t) 



dJ 



3 hm^ 



1(0, m) 



9 hm^ 



/(O, m, 0, m) 



+ 



9 hm'^ 



(5.93) 



Notice that it is far from obvious that divergences in here are going to cancel against di- 
vergences from the path integral because of the time dependent factors multiplying the 
divergences, i.e. the structure of the divergent terms is very different here than in models 
without path-fixing. 

Now consider (15.921) . Using what we found in the previous section this (15.921) can be 
written as: 



n 



^fci,...,fcd_i=-oo 

d 



2 E ^j^-m) 



fcl,...,fctj_i=-00 



dt^J^lniaim) 



h dt (pc{t)- 



9J ......1^.-00 ^^^W 



ln(a(L/2)) 



(5.94) 



Now, to find the divergent parts in this expression we can write down the first few terms 
of the Taylor expansion of 

^^ln(a(L/2)) (5.95) 
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around (pl{t) = 



ln(a(L/2)) = 



5a{L/2) 



/ 5^aiL/2) 

dt' {^lit')-v') Mfg^ 



(5a(L/2) 5a{L/2) ' 

a{L/2f 



+ 



,2(t)=l,2 



So, to find these first two terms of the expansion we have to know: 

X„Y T ln\ X2„,/ T 



5a{L/2) 



and 



(5.96) 



(5.97) 



These can all be found from the differential equation fl5.82p . 

a{t)\^2(t)=y2 Can of course be found from (15.821) by just setting ip1{t) = everywhere in 
the differential equation. If we define the constant (3 as: 

^ * ' (5.98) 



/3 = /5(t)|^2(t)=„2 = 



'2'nki 



+ +2/. 



then the differential equation is 

(f 

^tt(^)l</3i(i)=-(;2 - (3 a(t)|^2(t)=^2 = , 

and the solution that satisfies the boundary conditions (15.831) can 

sinh {^{t + L/2)) 



dt^ 

easily be found to be 



(5.99) 



(5.100) 



Now 



Can be found by first taking a functional derivative with respect to 
the differential equation (I5.82p and then setting (pl{t) = everywhere. We find 



d^ Sa{t) 



^cit') in ^- 

the differential equation: 

= ^S{t-T + L/2- t') «(t) + ^ 



dt'' Siflit' 



d' 5a{t^ X +'\^(+\\ I 



for -L/2 <t<T 
5a{t) 



for T < t < L/2 



(5.101) 
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with boundary conditions: 

6a{-L/2) 







d 5a{L/2) 



^2(t)=t,2 



dt d^lit'^ 







(5.102) 



This differential system can also be solved easily, we have to distinguish the cases — L/2 < 
t' < —T and —T < t' < L/2 however. In the case —L/2 < t' < —T we find: 



Sa{t) 



for t < t' + T + L/2 





^ sinh (v^(t' + T + L)) sinh {^{t -t' -T- L/2)) for t > t' + T + L/2 

(5.103) 



In the case — T < t' < L/2 we find: 
5a(t) 



ioT t <t' + T - L/2 

^ sinh (v^(t' + T)) sinh {^/P{t - t' - T + L/2)) for t > t' + T - L/2 



(5.104) 



At t = L/2 we can write the solution for all cases as: 



Sa{L/2) 



-A sinh (^v^|t' + T|) sinh (v^(|t' + T\- L)) (5.105) 



Finally 



can be found from the differential equation fl5.82p by taking 



two functional derivatives, with respect to '{'lit') and {p^t"), and then putting (p^it) = 
everywhere. The differential equation one gets then is: 

d^ 6^a{t) 



dt^ 6^l{t')6^l{t") 



-5{t-T + L/2-t) ^ 
-5{t-T + L/2~t) ^ 



+ 



6^a{t) 



8^l{t')6^l{t") 



for -L/2 <t<T 



Lp'j.{t)=v'^ 



d^ 



6^a{t) 



dt^ 6flit')6flit") 



-5{t-T-L/2-t) ^ 

^ K(+ ^ T 10 +"\ ^Q^(^) 



+ 



+ 



/9 



5^a{t) 



5'pl{t')6flit") 



for T < t < L/2 

(5.106) 
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Also this differential equation can be solved, now we have to distinguish 6 different cases 
however. After a lot of algebra one finds for the solution at t = L/2: 



dML/2) 



— 3/2 sinh ( (max(t', t", — T) — min(t', t", — T) — L) 
sinh (mid(t', t", -T) - min(t', t", -T)) 



sinh (^^(mid(t',t", -T) - max(t',t", -T))) (5.107) 



where min(t', t", — T), mid(t', t", — T) and max(t', t", — T) give respectively the smallest, mid- 
dle and largest variable in the set — T}. 

Now all the expressions we found should be inserted in the Taylor expansion (I5.96p . Also 
remember that we are only interested in the divergent part of fl5.94p . Divergences in (15.941) 
are of course caused by the sum over the d—1 /c's, when the summand does not drop to zero 
fast enough for large fc's. So, to find only the divergent terms in (15.941) . we should only keep 
the terms that do not go to zero very fast in the Taylor expansion (I5.96p . 

Now the first term in (15.961) is: 



5a(L/2) 



a{L/2) 



X sinh {^\t + r|) sinh {^{\t + T\- L)) 

(5.10^ 



, 2^ sinh(v/^L) 



The second term will not give a divergence under the sum, since large fc's are exponentially 
damped. (For t = —T this exponential is of course not there, however for t = —T the whole 
expressions (I5.93P and (15.940 become zero because ^'^gj'^^ = 0.) The first term will give a 
divergence, and we shall only keep this term. When we insert this term in (I5.94p we get: 



fei,...,fcd-i=~oo 



4 J Qj (2nY-iJ 

= hL'-' j dt ^^{tf-^ mm) 

2^^V^/c^tv..(t)^/(0,m) (5.109) 



2 / ^ ' dJ 



This cancels exactly the first term in the counter term part (I5.93p of the generating functional! 
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Now consider the second order term in the Taylor expansion fl5.96p . 



5'^a(L/2) 5a{L/2) 5a{L/2) 

a{L/2) 



a{Ll2y 



A' 



A(3 smh^{^L) 



sinh ^a/^L^ sinh (max — min — L) 



sinh (mid — min) j sinh (mid — max 
- sinh (^v^|t + T|) sinh (^-^{L - \t + T\) 
sinh {y^\t' + r|) sinh (v^(L - \t' + r|) 



After some hard work this can be written to: 



(5.110) 



5^a(L/2) Sa{L/2) 5a{L/2) 



a{L/2) 



a{L/2y 



A^ 



4/3 sinh' (v^L) 



cosh (^v^(|t - t'\ - L/2)) cosh 
- cosh (^^/^{\t + T\- L/2)) cosh (v^(|t' + T| - L/2) 



(5.111) 



Now, all the terms, when worked out for large L, will still contain exponentials which dampen 
the large k values in the sum. The square of the first term between the straight brackets will 
also contain such an exponential, however the argument of this exponential (~ \t — t'\) can 
become zero without t or t' becoming — T. So in the case of t = t' this first term will give 
a divergence. The other terms in the expression above (when the square is worked out) will 
always contain an exponential with arguments proportional to \t + T| or \t' + T|, such that 
these will only give divergences at t = — T or t' = — T, where the whole expression (15.941) 
becomes zero. 

So let's only keep the first term between the straight brackets and work out what we get 
for large L. 



X2 cosh' (^/^(|^ - t'\ - L/2)) cosh' f^^) ^_ 



A' 



Af3 sinh'(v^L) 16/5^ 

Substituting this in the Taylor expansion fl5.96p and then in fl5.94p we find: 



(5.112) 



dt I dt (^c(t)^n— [Vcit ) - V 



16 



dJ 



) E 



fci,...,A;d_i=-oo 



(5.113) 
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As argued above, a divergence can only arise when t = t', so when we are only interested in 
this part we can safely set ^1{t') = ^1{t). Then we can do the t' integral and we find: 



■ 16 7 ^'^ ^cv^/ V^CV^/ J QJ ^ ^3/2 

fci,...,fc^_i=— oo 

^'^L'-^ I dt ^.(t) i^lit) - v') ^ /(O, m, 0, m) 



^ -L'^-i / dt v^{t) {vl{t) - v') ^ /(O, m, 0, m) (5.114) 



And this cancels exactly the second and third term in the counter term part ( 15. 93^ ! 

So finally we have proven that the physical part of the 1-loop generating functional can 
be made finite with the same counter terms as in the canonical approach to the N = 1 linear 
sigma model. Of course also all 1-loop Green's functions are finite then. 

Notice that the cancellation of the divergences does not depend on the specific form of 
(Pc{t). We have proven here that the divergences cancel in all physical quantities independent 
of what the classical solution looks like explicitly. 



5.2.5 The Alternative Effective Potential 

Because we know now that the physical part of the generating functional is finite a good 
approximation to this Z{J) is the classical approximation: 

Z{J) = e-^^^ + e-^^=" = Z+(J) + Z_(J) (5.115) 

Actually this is the only approximation we can do to find Z{J), since the 1-loop, or saddle- 
point, approximation would already involve the difficult path integral (15.60p . Defining A and 

B as 

A^hst + S:), B^hst-S:), (5.116) 



we have 



Then we also have: 



Z{J) = 2 e-s^ cosh [j^B] . (5.117) 



^§j^^Z = I d'x{^{x)){J) = ~^ + ^t^nh(^^B^ (5.118) 

To find the alternative effective potential we have to know J{x) as a functional of {(p{x)) 
for large t, i.e. t 3> — T. So we first have to know {(p{x)) as a function of J(x) for large t. 
For large t this tadpole goes to a constant, which can be read off from the formula above: 

^{^){J) = -gj + ^tanh (-Bj (5.119) 
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So indeed we see, to obtain the tadpole for large times it was only necessary to do our 
calculations for constant source J. From this formula one can now find the inverse and 
construct the alternative effective potential. In figure 15.31 the derivative of this alternative 
effective potential is plotted for L = 10 and L = 100, for the case d = 1, h = 0.1, = 1, 
V = 1, 1^ = 1 and T = 0. For comparison we have also plotted the derivative of the effective 
potential from the canonical approach. In figure [5^ the derivative of the alternative effective 
potential is plotted for L = 10 and L = 100, for the case d = 4, h = 2, fi = l,v = l,ip = l 
and T = 0, also together with the canonical result. 



Figure 5.3: The derivative of the alternative effective potential for L = 10 and L = 100 for 
the case d = 1, h = 0.1, /i = l, f = l, (^ = 1 and T = 0. 

One can see that these alternative effective potentials come out to be convex, which is 
not obvious beforehand. Also they converge to the effective potentials from the path-integral 
approach without fixing in the limit L ^ oo. 

5.2.6 The Green's Functions 

Now we compute the Green's functions in this approach. Again, as in the previous chapter, 
we have: 




ifix,-T)=^ 



(MW = 0) + {v{x))^)Z^{0) + {ip^{t){J = 0) + (77(x))_)Z_(0) 

Z+(0) + Z_(0) 



(5.120) 
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where 

/ Vr] T]{x) e-i^(^==^±(-^=o)) 

r?(x,-T)=0 

where S is the action in (I5.26P and ip±{t) is the classical solution fcit) around the ±- 
minumum. 

Now we do not have Z+{0) = Z_(0), as in the previous chapter. Looking only at the 
classical actions around each minimum we have (substituting J = in [539]): 

Sf{J = 0) = --LV^ + 1^^2^d-i ((1^2) (^±l] ^ ± 1 +4) (5.122) 
4 3 \\v / \v / V / 

The first term is the same for both minima, and thus unimportant. The second term is 
not the same for both minima, and thus this term determines which of the minima is non- 
perturbatively favored in the infinite- volume limit. It is easy to see that: 

S+{J = 0) < S'-(J = 0) for(^>0 

S+{J = 0) > S;{J = 0) for(^<0 (5.123) 

So for (f > the negative minimum is non-perturbatively suppressed, whereas for (f < 
the positive minimum is suppressed. So the minimum closest to (f, i.e. the point where 
the paths are fixed, survives in the infinite- volume limit, the other minimum is suppressed 
non-perturbatively. We do not even have to know the quantum part of Z± to say this, since 
this quantum part is small with respect to the classical part one can already see from the 
classical part which minimum wins. 

Now we choose ip > 0. Then the tadpole becomes: 

(^(x)) = ^+(t)(J = 0) + (r7(x))+ (5.124) 
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Notice that this is an exact expression for L ^ oo. 

Now we will assume that for large t, i.e. t ^ — T, the tadpole {ri{x))± does not notice 
the path-fixing and the time-dependent mass and coupling constants anymore. Remember 
that, in the free field theory considered at the beginning of this chapter, the tadpole and 
propagator did indeed not notice the path- fixing anymore for large times. See (15.131) . This 
makes the current assumption plausible. 

Under this assumption we find for large t: 

Mx))=v+{v), (5.125) 

where (77) is defined as in fl5.12ip . but without the path-fixing constraint and with (fc = +v. 
This is the canonical result. 

Now consider the (/^-propagator. This propagator can be written as: 

1 

{ip{x)ip{y)) 



Z+(0) + Z_(0) 

{iflit)iJ = 0) + ^+(t)(J = 0) Mx))^ + {r^iy))^) + {vixUy))+) Z^O) + 
{^l{t){J = 0) + y._(t)(J = 0) ((r/(x))_ + (r/(i/))_) + {v{x)ii{y)).) Z^O) 



(5.126) 

with 

/ Pr] r7(2;)r/(?/) e-s5('^'=='^±(-^=°)) 

r](x-T)=0 

Again the minimum closest to the fixing point (f dominates completely for L ^ 00. Since 
we took > this propagator becomes: 

ivixMy)) = vlit) + Mt)Mx))+ + {v{y))+) + {v{xHy))+ 

{^{xMy)), = {v{x)v{y))+,c (5.128) 

Also this is an exact expression in the limit L ^ 00. 

For large times t,t^ — T, again assuming that the 77-propagator does not notice the path- 
fixing and the explicit time dependence in the action, the connected propagator becomes: 

{v{xMy))c = {vi^Hy))c , (5.129) 

where {'J]{x)ri{y)) is defined as in f l5.127p without the path fixing constraint. This is the 
canonical propagator. 

In this way all Green's functions can be shown to be equal to the canonical Green's 
functions for times t ^ —T. 

So, finally we have shown that in the path-integral approach with fixed paths we get the 
same Green's functions as in the canonical approach, including SSB. Now we get a convex 
alternative effective potential however. 



Chapter 6 



The N = 2 LSM: The Canonical 



Approach 



In this chapter we will calculate the same things as in chapter [31 now for the N = 2 linear 
sigma model. This Euclidean linear sigma model with N = 2 fields is defined by the bare 
action 



We will outline the canonical treatment of this model for the case /i > 0, i.e. for the case 
with spontaneous symmetry breaking. Our calculations will be much like those found in 
most textbooks, like e.g. Peskin and Schroeder [S]. 

6.1 Green's Functions 

To compute the renormalized Green's functions of this theory we introduce renormalized 
quantities as in (13.41) . The action in terms of these renormalized quantities is (again we 
suppress the R superscripts from now on): 



S 






Now the classical action, i.e. the first line has its minima on the circle 




(6.3) 



We choose 







(6.4) 



as the true minimum in this canonical approach. Then define 



(6.5) 
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In terms of these rj fields the action becomes: 

1^ 4 I 2 I 2 2 I 



^ Sxvt + + ^S.vfvl] ■ (6.6) 



24 " 24 12 
Define again = ^Tn"^- Then the The Feynman rules are 

h 

^2 _|_ ^2 




6.1. GREEN'S FUNCTIONS 



63 



1 




1 




1^^ 



1 1 



(6.7) 



Now let's calculate the momentum space Green's functions of this theory, up to one loop. 
Again we shall write the results in terms of the standard integrals (13.101) . 

Notice that standard integrals like J(0, 0, . . . , 0) are zero in the dimensional regularization 
scheme. We shall not specify the regularization scheme in our calculations however, and keep 
everything general. 




+ 



+ 



---/(0.m) 



1 fl y 1 -y^ 

-- 1(0,0) + — 6^\n--—6x\n 

2 V 6 m"^ 



(6. 



(^2) = 



(6.9) 



64 



CHAPTER 6. THE N = 2 LSM: THE CANONICAL APPROACH 



{Viip)miq))c = + — { ) — + — ] — + 





+ ; ; + w + 



h 1 / 9h^m^ ^, , 1 n^m^ ^, 

l{0,m,p,m) + 1(0,0, p,0) + 



+2 2 +2 2 

J(0,m) + ^— 1(0,0) + 

V V 



hpUz\n-2h5^\n] (6.10) 



(^2 (p) m (g))c 



+ 




+ 



+ 



p2 + (p2)^ 



+2 4 +2 2 

^/(0,0,p,m) + ^ J(0,m) 



J(0,0) + 



^P^ ^z\h 



(6.11) 



(^1 (p) Ti2 (g))c = 



(6.12) 



(^1 (^2)^1 (g3))ipi = 



+ 
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+ 



+ 




+ 



+ 



3m^ 27m^ 



hv 

^J(0,0,gi, 0,-^3,0) 



/(0,m, gi,m, -q3,m) 



9m^ 
2^ 



m 



(/(O, m, gi, m) + /(O, m, g2, m) + /(O, m, gs, m)) 



+— (/(O, 0, gi, 0) + /(O, 0, g2, 0) + /(O, 0, gg, 0)) 

^ A I 
n 



ivi {qi)T)i{q2)m{q-i)) 



ipi 



(6.13) 
(6.14) 
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J(0, m, gi, m, -gg, 0) /(O, 0, qi, 0, -gg, m) 



+— ^ /(O, m, gi, m) + — ^ /(O, 0, gi, 0) 



2^3 



2t;3 



4 4 
TTl Tfl 

+— /(O, m, g2, 0) + — /(O, m, ga, 0) 

^ A I 



(^2 {qi)fi2{q2)fi2{qz)) 



ipi 







(6.15) 
(6.16) 



(^1 (gi) ■■■Vi (Qi)) 



ipi 



+ 2 perm's + 



+ 5 perm's + 




+ 2 perm's + 



+ 5 perm's + 



+ 2 perm's + 



2 perm's + 




3m^ 
+ —r- 



/(O, m, gi, m, gi + gs, m, — g2, m) + 2 perm's 



m 



+ — /(O, 0, gi, 0, gi + gs, 0, -ga, 0) + 2 perm's 



27m' 



/(O, m, gs, m, gs + g4, m) + 5 perm's 



/(O, 0, gs, 0, gs + g4, 0) + 5 perm's 



+ — -^(0, m, gs + g4, m) + 2 perm's 
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m 



+^ /(O, 0, qs + g4, 0) + 2 perm's 
{Vi (Qi) Vi {(I2) fji (qs) r/2 (g4))iPi = 



(6.17) 
(6.18) 



(^1 (91)^1 iQ2)V2 {q^)fi2 (qi)) 



ipi 



+ 




+ 1 perm + 



+ 1 perm + 




+ 



+ 




+ 



;<, + 




+ 3 perm's + 



+ 3 perm's + 




+ 



;<, + 




+ 1 perm + 



m 



9m^ 



\ — /(O, m, gi, m, gi + ga, 0, -q2, m) + 1 perm 



m 



H — - /(O, 0, qi, 0, qi + gs, m, -g2, 0) + 1 perm 
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9m^ 



/(0,m,g3,0,g3 + g4,m) 



in 

■— 1(0,0, g3,m,g3 + q^,0) 
/(0,m,gi,m, -q2,rn) 



1(0,0, gi,0,-g2,0) 



-r- -^(0, 0, g4, m, g2 + 54, m) + 3 perm's 

TflP 

T /(O, m, g4, 0, g2 + g'4, 0) + 3 perm's 

3m^ 

+ ^ /(0,m,g3 + g4,m) 



+ ^/(0,0,g3 + g4,0) 



4 

m 



+ /(O, 0, g2 + q4, m) + 1 perm 

{vi (gi) ?72 (92) ■■ - m (g4))ipi = (6.20) 



ipi 



+ 



+ 2 perm's 



+ 2 perm's + 




+ 5 perm's + 



+ 5 perm's + 




2 perm's + 



+ 2 perm's + 
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+— /(O, 0, gi, m, gi + ga, 0, -q2, m) + 2 perm's 

Q 

777. 

+ — /(O, m, gi, 0, gi + ga, m, -g2, 0) + 2 perm's 

J /(O, m, gg, 0, gg + g4, m) + 5 perm's 

J(0, 0, ga, m, ga + g4, 0) + 5 perm's 



4 

m 



J(0, m, ga + g4, m) + 2 perm's 



2v^ 

+^ /(O, 0, ga + g4, 0) + 2 perm's 

Sx\n (6.21) 

Now, as in the case of the = 1 hnear sigma model our theory contains three free 
parameters, Z, fi and A, which have to be fixed by three renormahzation conditions. We 
could try to use the same renormahzation conditions as in chapter [3] (13.151) (with the ?7-lines 
replaced by r^i-lines): 

= 



Res 




= -- at gi = . . . = g4 = 6.22 

n 

This is not a good idea however, because some of our amplitudes are singular at zero incoming 
momentum. These singularities are of course caused by loops with the Goldstone boson. If 
we would set the 4-point IPI amplitude to —X/h at zero external momenta we would be 
absorbing infrared divergences, which only occur for very specific external momenta, in the 
counter terms. The most straightforward thing to do now is change the renormahzation 
point. However, this will complicate the calculations greatly. 

What we shall do is just remove these infrared divergences from our counter term 6x by 
hand. 



70 



CHAPTER 6. THE N = 2 LSM: THE CANONICAL APPROACH 



This is somewhat similar to what is done in Peskin and Schroeder [8], there they work 
in the dimensional regularization scheme, in which the infrared divergences are invisible 
anyway. (Their renormalization point is at s = 4m^, u = t = however, but also at this 
point there occur IR divergences.) 

If we strictly use the conditions (16.221) the counter terms become, up to order h: 



Sx\h 



>z\h 



3 hm? 



1 hrn? 



2 I{Q,m) + ^-^I{S),Q)+^-v^5x\n 
2 2 



1 

6' 



27 hrn^ , , 3 Tinv" , 

___ /(o, 0, m) + --^ /(O, 0, 0, 0) + 

-162^ J(0, m, 0, m, 0, m) - Q—- 1(0, 0, 0, 0, 0, 0) + 

243^ 1(0, m, 0, m, 0, m, 0, m) + 3—- 1(0, 0, 0, 0, 0, 0, 0, 0) 

9 hm'^ d ^ , . 
2^ ^2mm,p,m) 



1 hm'^ d ^, , 

ph,l 



(6.23) 



ph,l 



Now we see that the second, fourth and sixth term in 5\\n contain infrared divergences, 
which we should not include. (7(0,0) Is not IR divergent for dimensions greater than 2.) 
The easiest thing to do is introduce a mass in these terms, such that the infrared divergences 
are regularized. We shall just use m for this mass, to keep the calculation as simple as 
possible. After this manual procedure the counter terms are: 



>z\h 



3 hm 



2 V 



1 Tim?' 

/(0,m) + -^/(0,0) + ^^/(0,m,0,m) + 
hm^ ^, , , Tim? 



5 Tinv" 
2~^ 



1(0, m, 0, m, 0, m) + 41 — — 1(0, m, 0, m, 0, m, 0, m) 



15—- 1(0, m, 0, m) - 168^ 1(0, m, 0, m, 0, m) + 

V V 

hiv? 

246 — — I[0, m, 0, m, 0, m, 0, m) 



9 hrn^ d 



1 Tinv" d 

..... d?^'"-"-"-"' 



p'-=—m 



ph,l 



(6.24) 



p^=-™ph,i 



The physical masses of the ?7i- and ?72-particle, mph,i and mph,2, can now be calculated 
from the Dyson summed propagators. The Dyson summed ?7i propagator is 



p2 _|_ _ 1iJ^^{jP'"^^ 



(6.25) 
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with 



-— /(0,m,p,m) - -— p — /(0,m,p,m 
2 2 ap^ 



Im^ „ „s 1 2 



+ 



-— J(0,0,p,0)--— — 1(0,0, p,0) 



2 w 



2 t;2 



ph,l 
+ 



p^=—m 



ph.l 



-5^- /(O, m, 0, m) + 56— /(O, m, 0, m, 0, m) + 



82— J(0, m, 0, m, 0, m, 0, m) . 



(6.26) 



The location of the pole of (16.251) gives — "^ph,!- Up to order h we can easily find this pole: 



m 



ph,i 



2 hm 
m +5 — — l{0,m,0,m) + 

V 

^^Q^^^^^^^l^^^^^^ _ 1^ /(0,0,p,0)|p2_„2 + 



2 V 
9 fim^ d 



1 d 

ttAo,o,p, 0) 



-56- 



V 



._^2 2 t;2 c/p2' 
/(O, m, 0, m, 0, m) + 82 — — /(O, m, 0, m, 0, m, 0, m) 



(6.27) 



For d < 4 this mph,i is finite, for (i > 4 it is not, which shows that the linear sigma model is 
non-renormalizable for d > 4. 

Likewise we can obtain the physical mass of the t]2 particle mph,2- The Dyson summed 
ri2 propagator is: 

^ (6.28) 



p2 — 7iA2{p'^ 



with 

A2{P') 



4 2 2 

TTl Tfl Tfl 

— /(O, 0, p, m) + — /(O, m) - — /(O, 0) + 

~n^P -T^n'^^rn,p,m) 

2 p^=™"^^,. 



2 V 



2r ^/(o,o,p,o) 



(6.29) 



Ph,l 



Again the pole of (16.281) is easily found up to order h: 



m 



ph,2 



hm'^ ^, , Tiw? ^, , Tim? ^, 

/(O, 0, 0, m) /(O, m) + ^ /(O, 0) = 



(6.30) 



This is an illustration of the Goldstone theorem, which states that in the case of spontaneous 
symmetry breaking the mass of the Goldstone boson remains zero at all orders. 

Actually things are a bit trickier than they look here. The above result for mph,2 seems 
to hold for all dimensions below 5, where the theory is renormalizable. This would mean 
that also for d = 1, where we know that no spontaneous symmetry breaking can occur, mph,2 
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would remain zero up to order h. This is not true in general. In general (16.301) is wrong for 
d = 1 because we put the momentum p, flowing through the propagator, to zero before we 
have done the loop integral. Actually we have to compute the integral and only then put p 
to zero. The two operations do not commute. In case of the N = 2 linear sigma model it 
happens to be that (16.301) is correct after all, the problem with setting p to zero before doing 
the loop integrals only shows up in 2-loop integrals. One can explicitly verify that at 2-loop 
order mph,2 is no longer zero for d = 1. For d > 2 (16.301) is always correct however, which 
is in complete agreement with the Goldstone theorem. (Remember that (i = 2 is a special 
case, see Coleman liSiJ and Coleman et al. [321. 



6.2 The Effective Potential 

Now we want to calculate the effective potential. We will again use the vacuum-graph 
formula (I2.29p . as we did in the = 1 linear sigma model. However our calculation will be 
much more involved now because we now have two types of lines, which complicates how we 
connect the lines inside the loop. 

To deal with this complication we consider the same vertex, of which a different set of legs 
is going to be part of the loop, as different. In this way each 1-loop diagram is characterized 
by 8 numbers, each denoting the number of a certain type of vertices in the diagram. These 
numbers are defined as follows: 



rig ^ ms <^ ^ g3 

(6.31) 

77-4 ><;^ m4 <-> g4 






P4 r4 



Here it is understood that the legs pointing to the right are going to be part of the loop. 
Before we can write down the expression for the 1-loop effective potential, i.e. the sum of all 
1-loop IPI diagrams weighed with the appropriate factors, we have to know in how many 
ways we can connect the internal legs. If we denote the number of vertices that give two 
solid lines to go into the loop as p, the number of vertices that give two dashed lines as q 
and the number of vertices that give one solid and one dashed line as r, then the number of 
ways to connect these vertices to give a loop is: 



In our case we have of course p = + + r^, q = + + P4, r = q^ + q^. The 
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1-loop effective potential Vi is now given by: 



?13 ,n4 ,P4 ,"^3 ,7714 ,^3 ,94 ,7-4=0 

3m2\"V 3m2\"V ^m^YU m^X'^^+^V ^ ™^+^*+^^ 



- 



/if / \ /if ^ / \ fiv"^ J \ hv J \ hv 



3\J \A\J \A\J \2\J V2!2! 
11111111 



ns! p4! ms! ^3! 7714! ^4! .^^g 



2n, 93+94 



\ m3+m4+p4+i|}3 + i|j4 / ^ \ ™3+n4+r4 + 593 + 5'?4 

(g3 + g4-i)! 



2n3+"4+r'4+m3+»Ti4+P4 . 



1 1 1 

93 + 7^94 + '^S + ^^4 + ^4 - 1 ! -gs + -g4 + ^3 + m4 + P4 - 1 



2"" 2' y \^2' 2 

(2p4 + ^3 + ^4 + 2r4)!(n3 + 2^4 + 7/13 + 2m4 + ^4)! 

1 1 



(2p4 + q3 + q4 + 2r4)! (^3 + 2^4 + 1713 + 2m4 + ^4)! 



n.3+2n4+m3+2m4+(?4^2p4+93+g4+2r4 . 
'/l '/2 I "T 



^ 2^ 2^/3^'' 2 

-/i^ r^i - - — - r/i - - r/2 - - r^^ - - 771172 + 



After a long calculation this can be written to: 
h 1 



2 (27r) 



(6.34) 

This result is identical to what Peskin and Schroeder [8] find in their formula (11.74), of 
course taking into account differences in definitions of coupling constants and counter terms. 
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6.2.1 Zero Dimensions 

There is a much quicker, though less straightforward, way to obtain the 1-loop effective 
potential f l6.34p . In zero dimensions it is very easy to find the 1-loop effective action through 
the Schwinger-Dyson equations. Of course in zero dimensions this effective action is equal 
to the effective potential. The diagrammatic structure of this 1-loop effective potential in 
zero dimensions is exactly the same as in d dimensions, only the mathematical expressions 
corresponding to the diagrams is different. For the 1-loop case however the difference in 
mathematical expression is not so big: the propagators in the loop, which are 1/m^ in 
zero dimensions just become l/(fc^ + m^) in d dimensions. So if we are able to find the zero- 
dimensional 1-loop effective potential we can do this replacement to obtain the ci-dimensional 
effective potential. 

So we first have to calculate the zero-dimensional 1-loop effective potential through the 
Schwinger-Dyson equations. We write the zero-dimensional action of our N = 2 linear sigma 
model generically as: 

1111 111 

S = -miril + -m2'nl + j^Qivl + ^^92^1^1 + ^^ir^f + -Aar^a + ^^3^i^2 (6-35) 



Notice that we have included a mass ^Jra2 for the 772-particle now, to be able to do the 
replacement m2 — >■ k"^ later. (Also for 1712 = the propagator would not even exist in zero 
dimensions.) 

In diagrammatic form the Schwinger-Dyson equations read: 

_ 1 1 1 O 1 

• = ^ + 



Here the little crosses indicate the vertices from the sources, respectively Ji/h and J2/h. If 
we denote the tadpoles by 0(Ji, J2) and ip{Ji, J2): 



-# = (/.(Ji,J2) , -m = ilj{JuJ2) , (6.37) 

and their derivatives by 



■'l\l2...ln 



Qn 
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then the Schwinger-Dyson equations read 

111 

m2ip = J2 - g'2(0'0 + ^^2) - ^A3(0^'0 + ^^iV' + 2^002 + ^^^12) + 

-7A2(V'^ + 3^^V'2 + ^V22) (6.39) 


Now the definition of the effective action is 

^(0,V) = J2(0,V'), (6.40) 



from which one can derive 



01 



9fr 



/ a^r _ gap gap 



02 = 



^2 = V7 ^- (6-41) 

y dijyd'ip J dcf>'^ d'lp^ 

Through these relations we can write the Schwinger-Dyson equations in terms of (partial 
derivatives of) the effective action and the tadpole. Then it appears one can solve these 
partial differential equations iteratively up to some order to express the effective action in 
terms of the tadpole. Assuming that the effective action starts with a term of order 
which is characteristic of the canonical approach, and writing 

r(0, ^) = A(0, ^) + ^5(0, ^) + . . . (6.42) 

we find: 

A(0, ^) = ^mi02 + im2V^2 + ^(?i0-' + ^92^'' + ^Ai0^ + ^AsV-' + Ja30'V' 
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Here the constant C is just a constant of integration, which is unimportant for the physics. 
It is convenient to fix it however by demanding that for a free theory B = 0, which gives 
C = — I lnmim2. 

Now to obtain the 1-loop effective potential in d dimensions (excluding counter terms) 
we have to make the replacements 

mi — ^ A;^ + , m2 fc^ , (6.44) 

in hB{(j),ip) and add the integration -^2^ / d'^k. 

If we do this, specify all the masses and coupling constants m, g and A to the masses and 
coupling constants we have in the N = 2 linear sigma model, and write the rji- and r72-field 
in terms of the ipi- and v92-field again we find exactly fl6.34p . of course excluding the counter 
terms. 

Also notice that fl6.43p shows in general (for a 2-field theory) that the effective potential 
becomes complex when the classical potential A becomes non-convex. Inside the logarithm 
in B in fl6.43p is the Hessian of the function A, which is negative where the function A is 
non-convex. 



6.2.2 Calculating The Effective Potential 

To proceed calculating (16.341) we have to expand the logarithms again to let any divergent 
parts cancel the divergences in the counter terms. Of course when we expand the logarithm 
with the a lot of infrared divergences are going to appear. These divergences should 
later sum up to something finite again, but for the moment we have to regularize them, which 
we do by introducing a mass e for the ?72-particle. The 1-loop effective potential becomes: 

(J(0, m, 0, m) - J(0, £, 0, e)) - 7^ /(O, m, 0, m, 0, m) + 

16 

_^^l / Irr^ \" 1 ^ 1 



£2)« 

-I I (-1^ - '^1 - "^))" / (6.45) 



ra=3 
oo 



In the first term the ultraviolet divergences cancel, we can write this term as: 

/(0,m,0,m) - I{0,6,0,e) = 

) J(0, m, 0, m, 0, e) - (e^ - m'^f J(0, m, 0, m, 0, e, 0, e) (6.46) 

Now using that for d < 4 and n > 3 we have 



,_2„r(n-d/2) 



d'k , = 7T^^ T./ X > (6-47) 



{2ttY J (F + m2)" (47r)'^/2 T{n 
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and for c/ < 4 and n + p > 3 we have 



1 T{n + p-d/2) 



(47r)'^/2 r{n)r{p) 
we find for the 1-loop effective potential 



dx - x)P-\xm^ + (1 - , 

(6.48) 



^'""IE + - -'))"nn - d/2) . (6.49) 



We see that for d < 4 all ultraviolet divergences cancel, which shows again that the 
theory is renormalizable for d < 4. 

To find a more explicit expression for Vi we have to specify the dimension d. 



6.2.3 d=l And d = 2 

If one substitutes c? = 1 in (16.491) . performs the sums and works everything out one finds 
that the divergences for e ^ do not cancel. The same happens for d = 2. This is generally 
known, in one and two dimensions there is no SSB, which is manifested by the remaining 
infrared divergences. See for example Coleman [31] and Coleman, Jackiw and Politzer [32] . 



6.2.4 d = 4: 

In d = 4 the infrared divergences do cancel and one finds: 

This result does not correspond to (11.79) in Peskin and Schroeder [8], simply because we 
use different renormalization conditions. 

In figure 16.11 the complete effective potential (up to one loop) and the classical potential 
are plotted for the case h = 2, m = 1, v = 1. 
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Figure 6.1: Vq And = Vq + V^i as a function of for h = 2, m = 1, v = 1. 

The minimum of the effective potential is at (pf + = v"^, as our tadpole renormaliza- 
tion condition in (16. 22^ ensures. Also exactly at this point the effective potential becomes 
complex because of the first logarithm in f l6.50p . This shows again that the effective po- 
tential in the canonical approach becomes complex where the classical potential becomes 
non-convex. Because the effective potential becomes complex exactly at the location of the 
minima we cannot compute the n-points Green's functions from it. This is related to the fact 
that all these n-points Green's functions suffer from infrared divergences at zero incoming 
momentum. 

Note that the effective potential we have computed here is convex where it is defined. 
This is not always the case. We could easily have chosen other renormalization conditions 
such that the minima of the effective potential occur for (f1 + (f2 > v"^ (by for example 
adding a constant term to Then there is a non-convex region between these minima 

and the circle Lp\ + ip\ = v'^, where the effective potential becomes complex again. In fact in 
Peskin and Schroeder [8] such an effective potential is found in (11.79). They use the MS 
renormalization scheme. Their remark that fortunately the minima of the effective potential 
occur outside the region where it becomes complex is somewhat inappropriate, since we have 
shown here that this is not always the case. 

So also for the N = 2 linear sigma model there is an apparent convexity problem. Again, 
as has been thoroughly discussed in the = 1-case this problem is resolved by realizing 
that the canonical and path-integral approach are not the same in the case of a non-convex 
classical action. 



Chapter 7 



The N = 2 LSM: The Path-Integral 
Approach I 

In this chapter we will discuss the path-integral approach to the Euclidean N = 2 linear 
sigma model. This means we want to calculate the path integral of this model in some ap- 
proximation. For the = 1 linear sigma model we calculated the path integral (in chapter Hj) 
with a saddle-point approximation. This means we expand the generating functional around 
each minimum and add all these generating functionals to obtain the complete generating 
functional. In the = 1-case this is a good approximation because the minima lie far away 
from each other. In the N = 2-case we can also use such a saddle-point approximation, 
however now the minima form a continuous set and do not lie far apart. So it is question- 
able whether expanding around each minimum and then summing, or rather integrating, the 
contributions from each minimum gives a reasonable approximation to the path integral. 

Another questionable point is the perturbative expansion around each minimum. When 
making this expansion one has replaced the, in principle damped, ?72-direction (i.e. tangential 
direction) by a non-damped straight line. There is an ?7|-term that damps oscillations in 
the ?72-direction in principle, however in perturbation theory the exponential of this term 
is expanded, and not all terms are kept. In this way we loose the damping effect in the 
tangential direction, which is actually there. 

In this chapter we shall just use this naive saddle-point approximation, even though the 
arguments above advise strongly against it. There is also an argument in favor of this naive 
approach. We know that expanding around one minimum (i.e. the canonical approach) 
gives a self-consistent theory and the Green's functions calculated in this way satisfy the 
Schwinger-Dyson equations. Also the generating functional calculated by including only 
one minimum satisfies the Schwinger-Symanzik equations. Because the Schwinger-Dyson 
and Schwinger-Symanzik equations are linear (in the full Green's functions or generating 
functional) also the sum of several full Green's functions or generating functionals around 
different minima are solutions to these equations. So we know at least that the full Green's 
functions and generating functional obtained by summing or integrating over all minima are 
solutions to the Schwinger-Dyson and Schwinger-Symanzik equations. 
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7.1 Green's Functions 

The renormalized action of the d-dimensional N = 2 hnear sigma model is: 

\5z {V^if + \5z {V^2f - {^l + i^l + ) ■ (7.1) 

The minima of the first hne are given by 

ipi ~ vco^b = V\{S) 

= vsin(5 = f2(5) , (7.2) 

with V — \JQ^/X again. Now we expand the action around one of these minima: 

^Pi^vx + r]i, ip2^V2 + r]2 (7.3) 

When writing the action in terms of these r^-fields the Gaussian part becomes non-diagonal 
in Tji and 772. To make this part diagonal again we introduce the t/^- fields: 

V'l = -(^^i?7i + ^^2^72) 

V 

ip2 = -{v2r)i - Vim) (7-4) 

V 
V 

r]2 = -iv2ipi - V11P2) (7.5) 

V 

In terms of these ■^-fields the action reads (again defining /j, = hm^): 



S = jd'x Q (V^i)' + ^ (VV^2)' + ^mVi' + 



1 , o 1 , , n 1 , . 1 , . 1 ,9,9 

0— + 0—^1^2 + «— + 0—^2 + 7— ^1^2 + 

2 V 2 V 8 8 A 
1 
2 



(VV'i)' + Uz (VV'2)' + (-^5^ + \vH!}j V'l + 



1 1 \ /I 1 

" .2j: \ „;.2 , / ^ X , „.2 r \ ,/.2 



+ J V'f + [-1^5^ + Y^^'^A ) ^2 + 

1 - 1 - . .0 '^A ,4 , '^A ,4 , '^A ,2 / 2 



g^M? + g^^.v^i^^' + + + ^r,r2j (7.6) 

Notice that this action does not depend on 5 anymore, as is expected from the 0(2)- 
invariance of this model. Also notice that the action for the t/'-fields is exactly the same 
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as the action for the ?7-fields in the canonical approach (16. 6p . This means the ^/^-Green's 
functions are also identical to the //-Green's functions in the canonical approach, and for 
these Green's functions we can use the results from the previous chapter. 

Now we wish to obtain the yj-Green's functions. As stated in the introduction we are 
going to calculate these by just integrating over the contributions from all minima, i.e. 
integrate over 6. One should keep in mind here that the ■j/'-Green's functions do not depend 
on 6 anymore. 

(M^)) = ^ r d5 {vr + (r/i(x))) = ^ T d5 U + -{M^)) + -(M^))) = 
27r 2n \ V v J 

(Mx)) = ^ f d5 {v, + (r/2(x))) = ^ r d6 U + ^(^i(a:)) - ^-^{Mx))) = 

(7.7) 



1 r 

{if2{x)^2{y)) = + ^v{iJi{x)) + ^v{i!i{y)) + ^{iJi{x)iJi{y)) + ^{iJ2{x)iJ2{y)) 

{^i{x)My)) = (7.8) 

In this last line we also used {ip2{,x)) = {'ipi{x)ip2{,y)) = 0. 

With the results of the previous chapter it is now easy to obtain the ipi- and v92-propagator 
up to 1-loop order. If we use the same counter terms as in the canonical approach we have, up 
to 1-loop order (using the tadpole renormalization condition (I3.15P and the Dyson summed 
propagators ( 16.25^ and ( 16.28^ ): 

(Mx)) = 



{Mx)My)) = I d'pe^p<^-y^ 



{27rY J p^ + m?- Mi(p2) 

with Ai and A2 given in (16.261) and (I6.29p . Finally we find: 

1 



{ipi{x)ipi{y)) = {ip2{x)v2{y)) = ^v'^ + 



d'p e'"-^"-^^ , , , , + 



2 {27rY J p2 + - nAi{p 

- ^ f d^r) e*P'(^"^) - f7 10) 

2(27r)^y''^" p^-hA2ip')- ^ ' 



With the formulas (17.81) it is also easy to calculate the and v92-propagator up to order 
h'^. All we need more is {ipi{x)) at order fi^. This quantity can easily be calculated with the 
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Feynam rules from chapter [6l In this case we shall not specify the counter terms, but keep 
them general. This will later be convenient when comparing the upcoming result for the (pi- 
and (/92-propagator to the result obtained from a calculation via the path integral in terms 
of polar field variables. {ipi{x)) At order is now: 




+ 




+ 





+ 



+ 



+ 




+ 



+ 




+ 




+ 



1^ 



3h 



9r 



-- /(O, 0)^ - -- /(O, 0)/(0, m) - -- /(O, my 

--—^ 1(0, 0)/(0, m, 0, m) - -—^ /(O, m)/(0, m, 0, m) 
1 h?rn? 



2 

1 fi^Tn?' 

3 /(O, m)/(0, 0, 0, 0) + /(O, 0)J(0, 0, 0, 0) 



+ - 



2 
2 

3h 
in 

'2v 
3hm^ 



OOm 



2 



Dr 



3 h'^m'^ 



4 



5. 



27 h'^m^ 



mOO 



4 



5, 



OOm 



3 /I 
2 

1 h 



+-- J(0,m) 5zU + /(0,m) - /(O, m) 5aU 



1 
4 

1 hv 



+-- /(0, 0) 5zk + /(0, 0) 5^\n - —— /(0, 0) 5^\n 

2 m'^v 12 



/(O, m, 0, m) 6z\h + 3- /(O, m, 0, m) 5^1^ + 
2 V V 

1 1) 2 1 2 

2 24 6 m* m 



1 f " 



1 f 



/ m"' 



(7.11) 
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Here we have defined the following new two-loop standard integrals: 



Bm,m,m, = jd'^k d^l ^ ^2)2 pT^^ (A; _ /)2 + ^2 (7-12) 



Substituting this and the already obtained ipi- and V'2-pi'opagator in (17.81) gives: 



-hi /(O, 0) + hi Ao{x) - h /(O, m) + h A^{x) 
H :t On\n — - — - Ox\h 



w? 6 m? 

1 fi'^m'^ 1 h'^m'^ 

+ 0)/(0, 0, 0, 0) - J(0, m)/(0, 0, 0, 0) 

Sh'^m'^ . 



2 /(0,0)/(0,m,0,m)--^/(0,m)/(0,m,0,m) 
l/i^m^ 3/i^m2 l/i^m^ 3 /i^m^ 

+ 77 5 — -Doom + 77 5 — Dmmm ~ 77 5 — -DOOm ^ T 5 — -DmOO 

27 



4 f2 

J(0,0)Coo(x) + /(0,m)Coo(x) 



2 ^2 V ' ^ ^-^v ^ ' 2 t;2 

+ 77^^ / 0,0 C„„ X + 77^^ I{0,m)Cmm{x) 

1 h^m^ „ , , 1 %^m^ „ , , 9 /i^m'^ 



+ 77 TT- -BoOm(a^) + 7 5— -BmOOl^;) + 7 ^ Bmmm{x) 

I 4 4 

113 1 
+ /(O, 0) 5zU - 2^ ^o(^) -^^U + 2^ "^^1^ " 2^ '^^ 

3 

— -fiw? J(0, m, 0, m) (J^l^i + ?>Ti /(O, m, 0, m) 5^\n 

+ hw? Cmm{x) Sz\n-'h Cmm{x) S^\n 



h 



2 

18 3 m"' 6 m"' 

+0 (^^) (7.13) 
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Here we have defined another four standard integrals: 





,f P + ml {k- If + ml 
1 1 



2)2 P + ml {k-iy + ml 



1 1 



(7.14) 



7.2 The Effective Potential 



Now we will try to find the effective potential of the N = 2 linear sigma model. To this 
end we introduce source terms in the action again. Because we are only interested in the 
effective potential we shall take the sources to be constant over space time. Including these 
source terms the action is: 



Now we have to find the minima of the first line again. Only for the case Ji — J2 — 
we have a ring of minima, as found in the previous section. For one of the sources non-zero 
however there is only one minimum (and one saddle point). This means that when both 
sources are of order taking into account one minimum is a good approximation. Below we 
shall show that taking into account one minimum is equivalent to the canonical approach, 
outlined in the previous chapter. However, when the sources become of order h the minimum 
becomes so unstable that quantum fiuctuations along the ring become important. Clearly 
in this regime it is a bad approximation to take into account only this single minimum, 
although it is the only true minimum (for J 7^ 0). In this regime we have to take notice 
of all the points in the ring. What all the points in the ring have in common is that they 
are minima in r = \/<fl + vl- So to find these points, also for non-zero sources, we have to 
minimize the classical action with respect to r. Writing the classical field as: 



S = 




J2^2 + 



(7.15) 



ipi — r cos S 
</?2 = r sin 5 , 



(7.16) 



we find the equation 



— jir -\- —r^ — Ji cos (5 — J2 sin (5 = . 



(7.17) 



Writing 



Ji — J cos (3 
J2 — J sin /? 



(7.18) 
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and parameterizing J as 

j=^^i£f!L, „ = o,....^ (7.19) 

3y/3cos{6 - f3) 6 

we find the solution 

So for each angle 6 we have a point on the ring given by (17.201) . 

Again we should expand the action around the classical points f l7.16p . To make the action 
diagonal we have to introduce the ^/'-fields again: 

ipi = cos 6 rji + sin 6 rj2 

ip2 = sin 6 rji — cos 6 ri2 (7-21) 

The action becomes: 

^ 1 ^2 



- Jsin(5 - f3)ij2 + ( --fi + --^r^ tpj + 



2" 2v' 



-Sz WiY + -Sz (V^2)' + (^-V + -6xr' ] + 



h.rijf + h.r^P.^Pl + j^5,^t + ^h^t + ^Sx^l^''2 ) (7-22) 



Now we shall take the magnitude of the source J = \/ Jf + J2 to be of order h. To proceed 
further with the calculation one has to make an approximation. The most straightforward 
option is to treat all terms of order higher than h in the action as a perturbation. This 
means we should also expand r in h: 

1 / 3^X3 
r{5) = sin I - arcsin J cos{S — P) 





2/it; 

V + ^ Jcos(5 - /?) - 1^ J' cos2(5 ~f3) + 0{n') (7.23) 
2/i 8 vjj,^ 



Then one can read off the Feynman rules from the action and calculate the generating 
functional and the ipi- and 7/'2-tadpole with Feynman diagrams. This is all straightforward, 
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but at the end one finds an infrared- divergent expression. One might have expected this 
from the results of the previous chapter. There we saw that, in ci = 3 and d = 4, the infrared 
divergences only sum up to something finite if we include all 1-loop graphs. Because we take 
J of order h here it means effectively that we cannot calculate any n-points Green's functions 
from our generating functional. For this one would need to know the exact J-dependence. 
This in turn means we are not including all 1-loop graphs and we cannot expect the infrared 
divergences to disappear. 

Another thing one can do, which is less straightforward, but gives results without re- 
maining infrared divergences, is ignore the term 



Jsin(5 — /3)4'2 



(7.24) 



in the action, because J is small anyway. Then tpf and ip2 order h and we shall only 

keep the Gaussian terms. Doing this we find for the generating functional: 



exp 



In ( -/ir^ 



3/i4 1 2 , 4, 

r d^r + 

2 ^ 



V'ipiV'ip2 exp 



4y2 

1 
h 



24 



— u + -^r"^ \ ^? + 



1 

2' 



(7.25) 



Notice that this generating functional depends on S, as well as on the sources Ji and J2. 
With formula fl4.1Up one can compute Zs further. After some algebra one finds: 



exp 



Vo(r((5) cos (5, r(S) sin 5) + Vi {r{5) cos 5, r(S) sin 5) 



Jir(5) cos 5 — J2f{5) sin 5 



(7.26) 



with Vo the classical potential 



2\2 



(7.27) 



and Vi the 1-loop effective potential found in the canonical approach, given in f l6.34p . 



7.2.1 Including One Minimum 

Now we can see what happens if, for some reason, we would only include the single minimum. 
For non-zero source this minimum is at (5 = /3 and r given by fl7.20p . Notice that in this 
case it is correct to discard the term (17.240 . because 6 = f3. So in this case the generating 
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functional is given by Zp and the (pi- and (/72-tadpole can be calculated as follows. 

h d 



+ ^VT- + ^ ^ ^TT + V^i 



d(pi d(pi J dJi \ dip2 dip2 J dJi 
h d 



+ TTl- + 7^ ^ J2 TTl- + ^2 



Using 



difi d(pi J dJ2 \ dif2 dif2 J dJ2 

(7.28) 



cos/3 

sin p (7.29) 





dVo/i 


dipi 


dr 






d(p2 


dr 



and 



«9v?i 
5Ji 
dip2_ 
dJi 

dJ2 
d(f2 
dJo 



dr 


cos P + 


r 




dJi 


J 


sin^ P 


dr 


sin P — 


r 


cos P sin P 


dJi 


J 


dr 


cos P — 


r 


cos P sin /3 


dJ2 


J 


dr 


sin P + 


r 




dJ2 


J 


cos^ P 



(7.30) 



one finds 



((/3i)(Ji, J2) = y^i-^^ 



(</^2)(Jl,J2) = (7.31) 

These equations can easily be inverted, up to order h, to obtain Ji and J2 as a function 
of (ipi) and (9?2)- One finds: 

Ji('Pi,'P2) = |^(<^i,¥'2) + |^(<^i,¥'2) 

^2(<^l,(^2) = ^{^1: ^2) + ^{^1: ^2) (7.32) 

This can be integrated to give for the effective potential, up to order h: 

V{(pi, (P2) = Vo{ipi, ip2) + Vi{(pi, ip2) ■ (7.33) 

Indeed we see that including one minimum in the path integral gives the canonical 
effective potential. 
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7.2.2 Including All Minima 

Including all minima, i.e. all points on the ring, means: 



27r 



d6 Zx . 



(7.34) 



This generating functional can be calculated further. If we define the function TZ as 

7^(Jcos(5-/5)) = r(5) , (7.35) 
with r defined in (I7.23p . the generating functional Z can be written as 



d6 exp ( - -n{Vo (7^(Jcos(5 - /?))) + Vi (7^(Jcos(5 - (3))) + 



- 7^(Jcos((5 - P))Jcos{S - p)) 
dS exp - ^^{Vo (7^(Jcos5)) + Vi (7^(Jcos5)) + 

— 7^(Jcos(5) Jcos(5) 



(7.36) 



For the tadpoles we find 
(V?2)(^i, J2) 



h d 



InZ 



InZ 



h f dJ d ^ d(3 d 



\dJidJ dJid/3 
h f dJ d ^ dl3 d 



n \dJ2dJ dJ2dp 



InZ = — cos 3-^ In Z 
il oJ 

\nZ = — sin (3 In Z 
u oJ 



(7.37) 



j^dS [7^(Jcos5) - ^ (7^(Jcos5))7^'(Jcos5)] cos 5 exp(. . 

!q d5 exp(. ..) 



(7.38) 



In this last line the argument of the exponent is the same as in (17.361) . 

We see that the magnitude of the (y9-field only depends on the magnitude of the sources 
J, as expected because of the 0(2)-symmetry. 

Now this last expression is only valid for small J, because we discarded the term (I7.24p . 
So we will expand our result (17.381) also in J and keep all terms up to order h. (Remember 
that J is also of order %.) We find: 



Jo 



exp cos (5) 



vcos5 + cos^ S + cos^ 5 

r^^[l + lf5eos^^]exp(^cos5) 



(7.39) 



7.2. THE EFFECTIVE POTENTIAL 



89 



This can be calculated analytically: 



(nvj\ j_l J (t (nvj\ , T (flvJW , IQvJ'^ /or (nvj\ , T (QvJW 
T (Q.v.J\ , 1 n J2 ( T (Q.vJ\ , r (Q.vJ\\ 

^0 1— j + 4^;;? 1^0 {—) + h [—)) 



(7.40) 

Here /„(x) is the modified Bessel function of the first kind. 

This result is plotted in figure 17.11 The left curve is J, so the derivative of the effective 
potential, as a function of -x/ (v^i)^ + (v^2)^- The right curve is the derivative of the canonical 
effective potential as a function of a/v^? + <fl. Both curves do not join at some point, the 
left curve is only valid for very small J, whereas the right curve is only valid for large J. 




Figure 7.1: The derivative of the effective potential as a function of ^^/ (pf + ^2/^ f*^^ h = 2, 
m = 1, f = 1, = 100. The left curve is only valid for small J, i.e. small ^ylp'l + (P2/V, the 
right curve is only valid for large J. 



Apparently the way we calculate here, simply integrating over the ring of minima (in r), 
is not a good way to cover the whole range of J, from small J of order h, to J of order 1. 
However we do find that the effective potential has a flat bottom in the limit Q ^ 00. 
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Chapter 8 

Path Integrals in Polar Variables 



8.1 Introduction 

In the next chapter we shall calculate the Green's functions in the N — 2 hnear sigma model 
via the path integral in terms of polar field variables. These polar variables are the natural 
variables to describe an 0(2)-invariant model. Before we can do these calculations however, 
we have to know how to transform to polar variables in a dimensional path integral. 

When dealing with a normal integral a common technique to solve it is to transform 
to a different integration variable. Since the path integral is merely an infinite-dimensional 
integral, one should also be able to transform to different integration variables in this case. 
In particular, in the case of a path integral over two fields, (fi and (p2, one can transform to 
polar field variables, r and 9, defined as: 



It is this transformation to polar field variables that we shall study in this chapter. We wish 
to emphasize here that not the space-time coordinates, but the quantum fields (pi and (fi2 
are transformed to polar fields r and 6. 

The infinite dimensionality of the path integral makes such a variable transformation 
very complicated. Several difficult questions immediately pop up: 

1. In principle the whole path integral is only defined on a lattice, so the transformation 
should also be done with the path integral in discrete form. This means one cannot 
simply let the transformation work on the continuous action. Instead one has to write 
out the action in discrete form and only then let the transformation work. After 
this one gets a complicated action, with also terms proportional to the lattice spacing 
A. These terms cannot be discarded, since one has to perform the path integration 
first and then take the continuum limit A ^ oo. It is not obvious that the terms 
proportional to A will not give a finite contribution in this continuum limit. In fact, 
in this chapter we will see that they do give finite contributions to Green's functions. 

2. After the transformation the domain of integration is not {—oo, oo). For the r- variables 
it is [0,oo), whereas for the ^-variables it is [— tt, tt]. How does one evaluate such a 



cpi{x) 



r{x) cos9{x) 
r{x) sin 9{x) . 



(8.1) 
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path integral, especially because we can only compute path integrals with perturbation 
theory? To do perturbation theory we have to be able to identify a Gaussian part, and 
the fields in such a Gaussian part are always integrated from — oo to oo. 

3. After the transformation one gets a Jacobian, how does one deal with this? Since we 
can only do perturbation theory we also have to identify the Gaussian part and the 
perturbative part of this Jacobian. 

From these questions it is clear that transforming to polar variables in a (i-dimensional 
path integral is very complicated. For 1-dimensional systems, i.e. quantum-mechanical sys- 
tems, there is quite some literature on the transformation to polar variables. 

In his textbook [33] Lee derives the quantum-mechanical path integral in curvilinear 
coordinates in chapter 19. The result (19.49) is a path integral with a new action Lgg, 
which is not equal to the action one would find by transforming to polar coordinates in the 
continuum action (in Cartesian coordinates). 

Edwards et al. [31] and Peak et al. [35] also transform to polar coordinates in the discrete 
quantum-mechanical path integral. They find that terms of order A or higher, which arise 
when transforming to polar coordinates in the discrete action (in Cartesian coordinates), 
cannot all be neglected. 



8.2 A Conjecture 

From the above it should be clear that transforming a path integral in terms of the normal 
(i.e. Cartesian) fields ipi and (f2 to a path integral in terms of polar fields is far from trivial. 
To be able to do computations at all we will present a conjecture in this section. In the next 
sections we will then try to make this conjecture plausible by considering certain toy models 
where we can see that the conjecture actually works. 

The generic form of a d-dimensional Euclidean path integral P in two fields is: 

1 f ,dj^^^^^,2 , 1,V7„^2 



exp J d'^x (Vv^i)^ + - ( V^2)' + V{^,, V2)j j (8.2) 
Very naively, one could hope that the transformation to polar variables works as: 

/oo POO POO POO 

■oo J —CO J —oo ^ J —oo 

(pi{x) — > r(a;) cos6'(a;) 

(P2{x) — > r(a;) sin6'(a;) 

d'x Q (V^i)^ + I {V^2?^ - J d'x Q {Vrf + V (V^)^) 

j d'^xV{ipi,ip2) j d'^xV{rcos9,rsme) (8.3) 
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Here one has just extended the integration domains for r and 6 to (—00, 00). In the fourth 
hne one has just transformed the continuum action to an action in terms of polar fields, 
disregarding the fact that one should do this on the lattice, where the path integral is 
defined. 

To make all these expressions completely continuous we still have to do something about 
the Jacobian factor 

Urix), (8.4) 

X 

since this is still a lattice expression. We shall write this Jacobian as: 



JJ^exp f (— /ilnr(x)) j 

X ^ ' 

exp ^\-^ j d'^x{-h\nr{x))^ 



exp — — 



d'^x {—% In r(x)) 



.5) 



h [(27r)^ 

This is a continuum expression, which looks a lot like the exponential of an action. 

So, we might hope that the continuum form of a path integral in polar field variables is 
given by making the substitutions 



(fi{x) 



00 POO 

Vr ve- 

-00 J —00 



exp , -- 

r(x) cos6'(x) 
r{x) sin d{x) 



(27r)^ 



d'^k 



d'^x {-h\n.r{x)) 



j d'x Q {V^^f + ^ {Vv,f^ 
d'^x V{(fii,(fi2) 



I d'x Q {vrf + ivey 

d'^x V{r cos 9, r sin 6) 



(8.6) 



in the path integral in Cartesian form. 

Now the conjecture we are going to make is: 



Conjecture It is correct to transform to polar variables naively, as in ^8. 0^ . provided 
one does the calculation in a d-dimensional way. 



This seems a very strange conjecture, and with all the remarks we made in the introduction 
it is hard to imagine how it can work. However in the next two sections we shall demonstrate 
that indeed this conjecture is true for two toy models. Also there we will demonstrate what 
is meant exactly by 'calculating in a ci-dimensional way'. 

These two toy models are selected with the following two criteria: 



94 



CHAPTER 8. PATH INTEGRALS IN POLAR VARIABLES 



1. The model should have one minimum. 

2. This minimum should not be at ipi = 0, (p2 = 0. 

The reason for the first criterion is that we want a toy model where we can calculate Green's 
functions both through the path integral in normal (Cartesian) fields and through the path 
integral in polar fields. Only then can we check whether the conjecture, used in the calcula- 
tion through polar fields, works. Notice that the N = 2 linear sigma model does not satisfy 
the first criterion, there we have an infinite set of minima. In that case it is not clear whether 
a calculation through the Cartesian path integral (as done in the previous chapter) is correct. 
The reason for the second criterion is that at (pi = 0, ip2 ~ 0, i.e. r — 0, the transformation 
to polar fields becomes problematic. To be on the safe side we simply avoid these difficulties 
by only considering toy models which have their minimum away from r = 0, such that we 
can do perturbation theory around a point where the transformation is well-defined. 



In this section we shall calculate several Green's functions in the so-called shifted toy model. 
This model has an action 



This is just the action of a free model with the (/9i-field shifted, hence the name. We shifted 
this field such that the minimum of the action is at (pi = v, (p2 = 0. 

To prove that the conjecture indeed works in the case of this model we shall now calculate 
several Green's functions through the normal, Cartesian, path integral and through the path 
integral in terms of polar fields. Then we can compare results. 

8.3.1 Cartesian Results 

Because the shifted toy model is just a free theory with one field shifted it is very easy to 
obtain the exact full Green's functions. They are: 



8.3 The Shifted Toy Model 




(8.7) 



V 








v"^ + h Am{x - y) 




{(pi{x)ip2{y)) 



h Am{x - y) 




(8.8) 
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8.3.2 Polar Results 

Now we perform the transformation to polar fields in the path integral: 



(fii{x) — r(x) cos 
'fi2{x) — r{x)sm 



w{x) 

V 

w{x) 

V 



(8.9) 



Here we have used w{x)/v instead of 6{x) to have a new angular field-variable with also the 
dimensions of a field. This is purely a matter of convenience. 

To calculate the Green's functions through the path integral in polar fields now we will 
use the conjecture. According to this conjecture, the new action we have to work with is: 

S ^ j dfix Q {^r{x)f + -^r'^{x) {Vw{x)f + ^mV^(a;) - m^vr{x) cos{w{x)/v) 

(8.10) 

The minimum of the action is at r{x) — v and w{x) — 0. Expanding around r{x) — v and 
writing 

r{x) = V -\- r]{x) (8-11) 

we get 

S = I (fxi]- {Vr}ix)f + ]- iVwix)? + -r]ix) iVwix)f + ^r]^{x) iVwix)f + 
J \2 2 V AV^ 



rn}vr\{x) ^ — rr?rf'{x) — rn^v^ cos{'w{x) / v) — m^vri{x) cos{'w{x) /v] 

2 



Expanding also around w{x) — 0, i.e. expanding the cosine gives: 

S ■ 



(8.12) 



J d'^xQ {vv{x)r + ^ {^w{x)r + ^v{x) {vw{x)r + ^v'ix) {vw{x)r + 



-m Tj [X) H — m w [x) r^""^ [^) "I rj[x)w [x) --—-rj[x)w [x) + 



The Jacobian gives, according to the conjecture: 
exp 



.13) 



exp 



exp - 



1 

"h 
1 

"h 

1 
h 



^jd'^k j (fx{-n\nr{x))^ ~ 



{2ny 
1 

1 

{2'nY 



d'^x -hhi 1 + 



ri{x) 



(8.14) 
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It is convenient to define also the standard integral J:standard integrals 

/ = — i-T / d'^k . (8.15) 



(27r)' 

Now can read off the Feynman rules from the action and the Jacobian, and the conjecture 
states that we can calculate everything in the continuum, provided we do a d-dimensional 
calculation. The Feynman rules are (up to order h^^'^): 

h 



^2 _|_ ^2 

h 

^2 _|_ ^2 



h 2 , , 

^ -^h ■ k2- — 

hv hv 



^ 2 




'' 2 



1/ 

V 



V 




^ I (8.16) 



^3 



Here all momenta are counted as going into the vertex. With these rules we can now compute 
Green's functions up to order h . 

First we will demonstrate however what we mean exactly by 'calculating in a (i-dimensional 
way'. What we mean can most easily be seen in the following '(i-dimensional calculation' of 
a tadpole diagram. 
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2m2 (27r)2'i J " ^ \ hv hv ) \ hv hv ) 

h 



^2 _j_ p _|_ ^2 _ _|_ ^2 



1 Jl^ ^ 

2m2w3 (27r)2'i 



■^2^3 (27r)2rf 



1 



2\2 



1 



A;2 + m2y /2 _|_ ,^2 _ ^•j2 _|_ ^2 
rf'^fc d'^/ {-2k ■ I - m^f ■ 

11 1 

A;2 + 777,2 ^2 _|_ ^2 _ _|_ ^2 



ir 1 



2t;3 (27r^2d 



d'^k dH (-2k ■ I - m2)2 . 



1 



A;2 + m2 y /2 _|_ ^2 (^/^ _ ^~)2 _|_ ^2 



^.17) 



)w use 



(8.18) 
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Then the tadpole diagram becomes: 

2^3 (27r)2<i J ^ ' 



W?'> 



ih^ 1 f 



^2 _|_ j^2 ^2 _|_ J7j2 /i;2 -|- 777,2 _ ^^2 _|_ ^2 

d^k dH {-2k -l-m^) 

11 11 1 



+ 



1 1 



+ 



(/c^ + m?)"^ {k — ly + m? ^ 
= ^ 7(0, mf + 2^-1^ / d''kd'l{-2k-l-2k''-m^) ] ^ ^ ^ + 

-^^m^)AO,m,0,m) + 

2v^{2T:f'^J \k^ + m^P + m^ k"" + w? {k - If + w? ) 

-^^ttA^ / d'^k dH (-2k ■l-2k'^- m^)-—^-^—^ 
2 (27r)2'« J ^ \k^ + w?f P + w? 

= ^^/(0,m)2-4— -/(0,m)/--^/(0,m)J(0,m,0,m) (8.19) 

In the above steps, and in all rf-dimensional calculations, one essentially uses three rules: 
One writes dot-products from the vertices in terms of the denominators of the propagators, 
to let them cancel as much as possible, one can shift all loop momenta and one can set 



/ 



A^ = 0. (8.20) 



Using these three rules is what we mean by a 'd-dimensional calculation'. 

Notice that, for example in dimension 1, where k ■ I becomes a simple product, we could 
also have combined momenta coming from different vertices and let them cancel denomina- 
tors. This simplifies the calculation of the tadpole diagram considerably, however this is not 
what we mean by a 'd-dimensional calculation'. The result in terms of standard integrals is 
also different. Even the numerical result is different because the diagram contains a diver- 
gence, also in d = 1. (The divergence comes from /.) In order for the conjecture to work we 
have to perform a d-dimensional calculation. 

Now we compute {^P\{x)), {^P2{x)), {(pi{x)(pi{y)) , {(p2{x)ip2{y)) and {(pi{x)(p2{y)) via the 
polar fields, up to order h'^. To do this we first have to express these Green's functions in 
terms of the r}- and w- Green 's-f unctions. 

{ipi(x)) = {(v + r](x))cos(w(x)/v)) 

= V + ivix)) - ^{w\x)) - ±-^{r^{x)w\x)) + + ^(^') 
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{{v + ri{x)) sin(w(x)/f )) 

1 1.1 

{w{x)) + -{r]{x)w{x)) - —{w\x)) - — 

{{v + ri{x)){v + r/(y)) cos{w{x)/v) cos{w{y)/v)) 
= f ^ + 2v{ri{x)) + {i]{x)ri{y)) — {ri{x)w'^{x)) + 

-^{r]{x)w^{y)) - ^{r]{y)w\x)) + -^{w\x)) + 

— {w'^{x)w^{y)) - —{ri{x)ri{y)w'^{x)) - ^{v{x)v{y)w^{y)) + 

{ip2{x)ip2{y)) = {{v + r]{x)){v + r]{y))sm{w{x)/v)sm{w{y)/v)) 

= {w{x)w{y)) H — {ri{x)w{x)w{y)) H — {ri{y)w{x)w{y)) + 

\{r]{x)r]{y)w{x)w{y)) - ^{w'\x)w{y)) - ■^{w{x)w^{y)) + 

{ipi{x)ip2{y)) = {{v + r]{x)){v + r]{y))cos{w{x)/v)sm{w{y)/v)) 

= v{w{y)) + {r]{x)w{y)) + {r]{y)w{y)) - — + 

bv 

~ — {w^{x)w{y)) + -{ri{x)r]{y)w{y)) - —{r]{x)w^{y)) + 
Zv V of^ 

—^{vivWiy)) - ■^{v{x)w\x)w{y)) - —{ri{y)w^{x)w{y)) + 



(8.21) 



Notice that in these formulas only the full rj- and ly-Green's-functions occur. 



Now we compute all the t]- and i(7-Green's-functions that we need, up to order h'^. All 
results will be expressed in the standard integrals again. One-loop standard integrals have 
already been defined in f l3.10p . One would expect that we also need the two-loop standard 
integrals here, since two- loop diagrams will occur in the ?7-tadpole at order h^. However it 
will appear that no two-loop integrals occur in the final expressions for the tadpole diagrams, 
all expressions can be written in terms of one-loop standard integrals, probably because of 
the simple action of the shifted toy model. From the Feynman rules we can also immediately 
see that any Green's function with an odd number of tf's is zero, we will not list them 
explicitly below. 
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The r^-Tadpole 



Below we list all the diagrams contributing to (77) = {rj) up to order 



I + -- 1(0, m) 



rn^v 2 V 



rn?v 





■-- /(O, mf + -— ^ /(O, m, 0, m) /(O, m) 



A' 



9r 



-4^-^ J(0,m)/+--/(0,m)^ + 



/(O, m, 0, m) /(O, m) 



2^^ /(0,m) /-2— /(0,m)' 



■-- J O, m 2 + J O, m, 0, m J O, m 

2 4 f 




3 fi^ 

/(0,m) / l{0,m 



rn?v^ ' 2 v'^ 



2 



/(O, m, 0, m) /(O, m) 



8.3. THE SHIFTED TOY MODEL 



101 




l{0,m) I (8.22) 



The complete result for the 77-tadpole is finally: 

{fj) = ^^I(0,m) + l^IiO,mf. (8.23) 

Notice that all the (infinite) /-integrals from the Jacobian have nicely cancelled against 
identical terms from w-loops. 

The 77-Propagator 

Below we list the diagrams contributing to the connected momentum-space ?7-propagator 



h 

p2 ^2 



2— 7TT — 2\2 ^~ 2^2 ^ 0>"^ + 77— l{0,m,p,m) 

V [p + m ) V [p + m ) I V 



= I+—7^7Zr-^.Ii^^^) 



1 



^2 i^jp. _|_ 17^2)^ 

For the connected 77-propagator we get: 



,,,,,, n I , , ih' , , , 

{V{p)v{-P))c = -r^2 - ^ ^2 + ^2 ^(0'^) + 2^^(0'^'P'H (8-25) 



(8.24) 



The ly-Propagator 

Below we list the diagrams contributing to the connected tu-propagator {w{p)w{—p))c 



h 



p2 _|_ ^2 
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— /(0,m,p,m) + ^ /(0,m) 



2 J(0,m) 




y2 (jp. _|_ 

1 n'^m'^ 1 

2 f ^ (p^ + im?) 



/(0,m) 



y2 _|_ 177^2^2 



/(0,m) 



(8.26) 



{w{p)w{-p))c = ^ + ^ /(O, m, p, m) (8.27) 

pZ _|_ 

Configuration-Space Green's Functions 

Knowing these rj- and w-Green's-functions we can write down tlie configuration space Green's 
functions needed in f l8.2ip . up to order h^. 

-2 



Ih . ir 
2 

{w{x)) = 



(r/(x)) = l-I{0,m) + ^'-I{0,my 



J O, m 2 + — — / d'^p + 
4 f ^ (27r)" J p^ + m'^ 



2 ^(0'^) TTT^ / 2^ 2 + 

— 7^—7 / c/'^p e^^'-(^-J') /(0,m,p,m) 
2t;2 (27r)"' 7 ^ v , ; 

1 /z^ /z^ 
-— /(O, mf + ^ v4„(x - y) - ^ /(O, m)y4„(x - y) + 



{w{x)w{y)) = ^^ld'pe'P-(^-yHw{p)w{-p))c 
{2ttY J p^ + m^ ^ 
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d'^p e'P<''-y'^ l{0,m,p,m) 



(27r) 



= h Ara{x -y) + ^ Amix - yf 

{ri{xi)ri{x2)ri{x3)) = {r])^ + 

iv) ((^(a:i)^(a;2))c + {v{xi)7]{x3))c + {v{x2)v{x3))c) + 
{V{xi)r]{x2)r]{x3))c 

= o — -^(0' i^miXl - X2) + A^{xi - X3) + A^{X2 - X3)) 

2 V 

{r]{xi)r]{x2)w{x3)) = 

{r]{xi)w{x2)w{x3)) = {r]){w{x2)w{x3))c + {r){xi)w{x2)w{x3))c 



(27r 



TxY J {27rr J ' 

{2T:Y5\ki + . . . + A;3) 



2k2 ■k3-w? h ^ xdc-d 



hv k\ + w? /c| + rn? 
= -— i"(0,m)>l^(x2 - xa) + 

— A^{xi - X2)Am{xi - X3) + 

V 

A^{Xi - X2)Am{x2 - X3) + 

V 

-— Am{xi - X3)Am{x2 " X3) 

{w{xi)w{x2)w{x3)) = 

(77(X0---77(X4)) = (77)^ + 

{vf{{v{xi)r){x2))c + {v{xi)r]{x3))^ + {v{xi)r){x4))c + 
{r]{x2)'r]{x3))c + {r]{x2)r]{x4))c + {r]{x3)r]{x4))c) + 
{v){{vixi)vix2)vix3))c + {v{xi)r]{x2)r]{xi))^ + 
(?7(xi)?7(x3)?7(a;4))c + {r]{x2)'n{x3)r]{x4))^) + 
{r]{xi)r]{x2))c{r]{x3)r]{xA))c + 
(?7(xi)?7(x3))c(?7(a;2)?7(x4))c + 
{ri{xi)ri{xi))c{ri{x2)ri{x3))c + 
(?7(,Ti)?7(a;2)r7(a;3)?7(a;4))c 

= A^{Xi - X2)A„,{X3 - x^) + 
Am{Xx - X3)Am{x2 - Xa) + 
Am{xx - X4)^m(2;2 - X3) 

{r]{xi)---r]{x3)w{xi)) = 
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{r]{xi)'r]{x2)w{x3)w{x4)) = A^{xi - X2)Am{Xz - X4) 
{r]{xi)w{x2) ■ ■ -wixi)) = 

{w{Xi) ■ ■ -W^Xa)) = Am{Xl - X2)Am{x3 - X4:) + 

h'^ Am{Xl - X3)Amix2 - X4) + 
h"^ Am{xi - X4)Am{x2 - X3) 

(8.28) 



Now, substituting all these results in fl8.2ip gives us finally: 

{<^i{x)) = V 

Mx)) = 

{(pi{x)ipi{y)) = v^ + hAm{x-y) 

{(P2{x)(p2iy)) = hAmix-y) 

{Mx)My)) = (8.29) 



These are indeed the correct results for the Green's functions. So the conjecture is verified 
for several Green's functions in the shifted toy model up to order fi^. 
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8.4 The Arctangent Toy Model 

As another illustration of the conjecture we now consider the arctangent toy model. The 
action of this model is: 

s^j,. (i(v,o= + i(v..)^ + '^M + 'A - + ^(1^"--^ (^)) 

(8.30) 

This action has a single minimum at 

ipi = v, (p2 = . (8.31) 

We want to stress that this model is not at all a physical model. The action has an 
infinite number of vertices (by expanding the arctangent), which means this model is not 
renormalizable. We just want to use this model as a toy model to test the conjecture. 
Especially because it is not renormalizable, so no big cancellations can be expected to occur, 
the arctangent toy model is a very good test of the conjecture. 



8.4.1 Cartesian Results 

To find the Cartesian Green's functions we expand the action around the minimum f l8.3ip : 

ipi{x) =v + r]i{x) , Lp2ix) = r]2ix) . (8.32) 

Notice that also the arctangent in the action has to be expanded, this term will give an 
infinite number of vertices. Up to order h^^"^ the Feynman rules are: 

h 

h 



^2 _|_ 




1 22m2 
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1 14m2 

h f 2 

1 120m2 

h 

1 120m2 



(8.33) 



Here the sohd hnes indicate the 771-particle, the dashed hnes indicate the 772-particle and fi 
is given by /i = \/2m. (Notice that this is a different definition of /i than in the rest of this 
thesis, this definition will only be used in calculations in the arctangent toy model.) With 
these Feynman rules we can now compute some Green's functions up to order h . We shall 
not present all diagrams here, since this Cartesian calculation is straightforward and quite 
lengthy. 

This time we will also get two-loop integrals in our expressions for the Green's functions. 
They don't drop out in this case, as in they did in the shifted toy model, because this model 
has a more complicated action. 

Now the Green's functions are, up to order h^: 

{(pi{x)) = v+{r]i{x)) 

/(0,/i) + --/(0,m) + 



2v 



9h 



2v 
85 h 



99 r 



-- J(0, /i)' - /(O, my + -- /(O, /i)/(0, m) + 



-9^^ /(O, /i, 0, /x)/(0, /i) + 4 
21 — — /(O, /i, 0, /i) J(0, m) - 7 



-27- 



^3 

t2 4 

n m 



4 

— 5— J(0, m, 0, m) J(0, m) + 
/(0,m,0,m)J(0,/i) + 



B, 



2^2 



h m 



3 ^^J■fJ■^^ 



fe2 4 

11 — ^ A 



+ 2- 



t2 4 

n m 



B„ 



mfim 



+ 



yO 



{V2{x)) = 

+ 2v{r]i{x)) + {r]i{x)r]i{y)) 
v'^ - Sn /(O, /i) + /(O, m) + A^(x - y) 



-21— /(O, m)2 + 48^ /(O, /i)/(0, m) 



18^^ /(0,/i,0,/i)/(0,/x) + 



/(0,m,0,m)/(0,m) + 42 



J(0,/i,0,/x)/(0,m) + 
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-14^^ /(O, m, 0, m)/(0, /i) - 54—^ 5^^^ - B^rnm + 

1-2 4 t2 2 +2 2 

. Ti m „ n, m „ /i m 



Braura ~l~ 6 „ Dunn 22 DjYimu ~l~ 



1-2 1 1-2 1 

h Tfi h Tfi 

Q—^ /(O, - y) - 14^ /(O, m)C^^(a; - y) + 

i;2 4 -fc2 4 

18—^ B^^^[x -y) + Bfimm[x - y) 



{<^2{x)<^2{y)) = {V2{x)v2{y)) 

= h Amix -y) + 



-14 — — /(O, /i)C„,„(x -y) + 8 — — /(O, m)C„„(a; - y) + 



fe2 4 

^mm^yX y) 



y2 



(<^i(x)^2(2/)) = ^(r/2(2/)) + (r/i(x)r72(y))=0 (8.34) 



8.4.2 Polar Results 

According to the conjecture we can just transform the continuum action fl8.30p to an action 
in terms of the polar field variables to obtain the Feynman rules for the polar calculation. 
So the action becomes: 

S = I d'xil iyrf + 14 (Vti^)' + ^(r' - v^f + JmV^^ (8.35) 



^2 ' ' 2t;2' ' 4i;2' ' 2 r'^ ^ 

This can be expanded around r = v again. Defining 

r(x) = V + rj{x) , (8.36) 

we find the following Feynman rules for the ry- and w-field (up to order Jv'^'^). The vertices 
from the Jacobian are exactly the same as in the shifted toy model. 

Ti 




h 

f^2 _j_ j^2 

1 



h V 



h 2 , , 1 2m2 

k2 n V 
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(8.37) 



Here the solid lines denote the r^-field, the dashed lines denote the w-field and all momenta 
are counted into the vertex. Also we have defined /i = \/2m again, as in the Cartesian 
calculation. (Note that this is a different definition of fi than in the rest of this thesis.) 
Now we can again compute the r]- and w- Green 's-f unctions up to order h^. 

The r^-Tadpole 

Below we list the diagrams contributing to the //-tadpole up to order h^. 
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3h 



3h 



_9 /(0,/i,0,^)/(0,/i) + 
21^^ /(0,/i,0,/i)/(0,m) + 



-27- 



2^4 
3 -^MMM 



% m 



/(O, m) / - /(O, fi)I-7^ /(O, m)2 + 

16— /(O, /i)/(0, m) + 8 — — J(0, m, 0, m)/(0, m) + 
-14^— /(O, m, 0, m)/(0, //) + 

t2 4 



— 6 D 

3 ^m^m ^ 3 ^mm^ 





9h 



3r 



--/(0,/x)^--- J(0,/i)/(0,m) 



4f 



2t;^ 




1 



3 /i' 



2^3 ^(0'^)^ + 4;;^^(0'/^)^ + 

3 J(0,m)^ + |^ 



2 m^f ^ 

h 



— J(0, m)^ + -— /(O, /i)/(0, m 




1/^2 3 ^2 

■-^j l{0,m) I + -^-^ I{0, fi) I 
2 m^w^ 4 m^'f 
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^ /(O, /i) / - \ /(O, + % /(O, /x)/(0, m) 




3- J(0,/i)J(0,m) 




^3 



1 



2 m^f ^ 



/(0,/i)/ (8.3^ 



The complete result for the ?7-tadpole is finally: 



(r/) = -^-/(0,/i) + -/(0,m) + 



/(O, - ^- /(O, m)2 + 26- /(O, /i)/(0, m) + 
-9 — ^ /(O, /i, 0, /i)/(0, /i) + 8 — ^ /(O, m, 0, m)/(0, m) + 
21^— /(O, /i, 0, /i)/(0, m) - 14^— J(0, m, 0, m) J(0, /x) + 

t2 4 fe2 4 i;2 4 

Ai m m n m 

3 ^3 -^MMM ^ 12 ^3 Dmmii (8.39) 



The //-Propagator 

The diagrams for the momentum-space r^-propagator are: 




h^m^ 1 
y2 (jp. _|_ 



/(0,/i,p,/i) 
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/(O, m) + 2 — — — - J(0, m, p, m) + 



1 /i^ h^m^ ± 

-— /(0,m,p,m) + 2 — 5-7^- — ^ /(0,m,p,m) 




^2 (jp, _|_ ^2p ' 



1 h^m'^ 1 



^2 (jp. _j_ ^2p ^2 (^p2 _|_ ij2y 

^2 (^p2 _|_ ^2^ ' y2 (jp, _|_ ^2-)2 ' 

n'' 1 



^2 ^p2 _|_ ^2^5 



(8.40) 



For the connected ?7-propagator we get: 

{'nip)v{-p))c = 2 ^ 2 + ? ^ 2 1^ 2^2 -^(Q' ~ ? ^ 2 1^ 2^2 -^(Q' + 

/i^ 1 h'^m'^ 1 

1(0, m) + 18 — ^7^- — ^ I{0,i2,p,iJ,) + 



n'^m'^ 1 , , /i^m^ 1 
2 — 5-7^ — ^ /(0,m,p,m) + 2 — — — - /(0,m,p,m) + 

2 f ^ 

(8.41) 



The w-Propagator 

The diagrams contributing to the lu-propagator up to order are: 



p2 _|_ ^2 
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J(0, m) + 4^^— — /(O, m) + 



1(0, /i) - Q^——- /(O, /x) + 



^2 p2 _|_ y2 ^p2_|_^2^2 

^ — 2~71^ 2^2 ^(O'/^'P'H -4 — r — l{0,fi,p,m) + 



1 , 1 

-2- 2^ 2 ^(0' ^) + 4^7T— ^ ^(0' + 
/i^ 1 /i^m^ 1 



1 x ^^^^ 1 x 

/(O, /i) - 2^-^—- /(O, ^) 



y2 p2 _j_ ^2 ' y2 (jp. _|_ 772^)^ 



(8.42) 



h h^m? 1 ^^1 
{w{p)w{~p))c = — ^ + 8 — —^^^ ^ l{0,m) -3—— ^/0,m 

%^m? 1 %^ 1 

-14 — 5-71- ^ ^(0,/^) + 5—^- l{0,fi) + — l{0,fi,p,m) 

V [p + m^j^ V p + f ^ 



-4 — ^ J J(0,/i,p,m) + 4 — ^ ^(0,/i,P,m) 



(8.43) 



Configuration-Space Green's Functions 



To compute the Cartesian y^i- and <y92-Green's-functions we can again use tlie expansions 
f l8.2ip . since these expansions are model independent. First we have to find the configuration- 
space 77- and w-Green's functions however. 

ivix)) = -^-/(0,/i) + -/(0,m) + 

-l^ J(0, /i)^ - ^- J(0, m)2 + 26- /(O, /i)/(0, m) + 
_9 /(0,^,0,/i)/(0,/i) + 



yZ 



I{0,m,0,m)I{0,m) + 
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21^— J(0,/i,0,/i)/(0,m) 



y3 

-14-^ 7(0, m, 0, m)7(0, //) + 

fi^rn^ h^m^ Ti^m^ 

3^ - 12^ D 



= 



9 /i^ 

-- /(O, + - /(O, m)2 - 3- 7(0, //)/(0, m) + 
4 v"' v"' 

^ Am{x -y) + 

-— 7(0, m)A^{x -y)- 14-^ 7(0, m)C^^{x - y) + 



^2 Di^^^{x-y) + 2—^Bi^^^{x-y) + 



*2 4 

18^;^ B^^,.,.{x - y) 



{w{x)w{y)) = J^dj^^P {w{p)w{-p)). 



h Am{x -y) + 



3— 7(0, m)Am{x -y) + b— 7(0, /x) A^(a; - y) + 



I{0,m)Cmm{x -y) + 



y2 



-14 — ^ 7(0, /x)C^,ri(a; - |/) + 



y2 



— A^{x - y)Am{x -y)- 4 — — Dm,j,m{x -y) + 



V V 
fc2 4 

^mfimix - y) 



{ri{xi)ri{x2)w{x3)) = 

{rj{xi)w{x2)w{xs)) = {ri){w{x2)w{x3))c+ {r]ixi)w{x2)w{x3)), 

^2 ^ . gip-(x2-X3) 



h If 

— 1(0, m) - — -T / d'^p 



p2 _j_ ^2 

2 V ' {27ry J ^ p'^ + m? 



Q ;j2 1 /■ pip-{x2-X3) 
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^ / rl'^h. ■ ■ ■ ^ / rl^k^ iiki-xi+...+k3-X3) 



(2vr) 

2k2 ■ h + h h h 

i2TTY5\ki + ... + k3) 

— /(O, m)A^{x2 - xg) - -— /(O, yu)A„(x2 - 0:3) + 
V 2 V 

— Am{xi - X2)Am{Xi - X^) + 
V 

A^{Xi - X2)Am{x2 - X3) + 

V 

Am{Xl - X3)Am{x2 - X3) + 

V 

h'^m'^ 1 r pik-(xi-X2) „il-(x\-Xi) 1 



V (27r)2rf J k^ + m'^ P + m2 {k + l)'^ + 

(t(;(xi)t(;(a;2)w^(a;3)) = 
{r]{xi)r]{x2)w{x3)w{x4)) = - X2)A.m{x3 - X4) 

(?7(Xi)w(x2)w(x3)w(x4)) = 

{W{XI)W{X2)W{X3)W{X4)) = Am{Xi- X2)Arn{x3- X4) + 

Am{Xi - X3)Amix2 - X4) + 
Am{Xi - X4)Am{x2 - X3) 

(8.44) 



Now these results can be substituted in fl8.2ip . Doing this one finds again the results 
fl8.34p . So also in case of the arctangent toy model the conjecture is verified for several 
Green's functions up to order fi^. 
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8.5 Proof of the Conjecture 

In the last two sections evidence for the truth of the conjecture has accumulated. In this 
section we shall prove this conjecture for a general model in d space-time dimensions. A 
general action (in terms of normal, Cartesian fields) for a d-dimensional model with two 
fields is given by: 

d'x Q {V^if + \ {V^2f + V{ip,, (^2)) . (8.45) 

Our proof will be based on the fact that the transformation to polar field variables actually 
has to be performed in the path integral on the lattice, i.e. in the path integral formulated in 
a discrete way. After transforming to polar fields one gets a path integral in terms of polar 
fields formulated on a lattice. This path integral gives a (comphcated) set of Feynman rules, 
and diagrams actually have to be calculated with space-time still discrete. Only in the end 
result for the Green's function one should then take the continuum limit, i.e. A — 0. 

Now a (i-dimensional continuum calculation is correct if one can see that all the steps one 
performs there to calculate a diagram correspond to a similar step in a discrete calculation. 
In a continuum calculation one performs the following three steps when calculating any 
diagram: 

1. One writes momentum-dependent factors from the vertices in terms of the denomina- 
tors of propagators, such that one can let them cancel. For example: 

k-l^ ]-{{k + If + m^) - he + m^) - hl^ + m^) + ^m^ . (8.46) 

2. One shifts momenta, for example: 



[k -\- ly + J k^ + 171^^ 

3. When there is momentum dependence left in the numerator, which cannot cancel 
anything in the denominator anymore, one uses 

d'k = . (8.48) 



For example: 

J d'^k J dH 



^2 _|_ 



{k - If + 
(/c^ + w?){P + w?) 



[k^ + m'^){P + 711?) 
"^'^ I "^'^ ( 12:^ + - (F + m2)(Z2 + rn2) ) (8-^9) 
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If we can somehow see that these steps are also vahd in a discrete calculation, then we 
have proven the conjecture. For then we know that every operation one performs in the d- 
dimensional continuum calculation corresponds to a valid operation in a discrete calculation, 
even though one writes down these steps in a continuum formalism. 

Because we need the path integral on a lattice we define discrete space-time variables i 

as: 

x = {-L/2 + Aii,-L/2 + Ai2,...,-L/2 + Aid), i = 0, . . . , N - 1 , AN = L (8.50) 

Notice that we have limited the space-time domain (each direction goes from —L/2 to L/2) 
and we have made this domain discrete (in every direction there are N lattice sites). The 
fields on the discrete lattice are denoted by: 

ii,...,id = 

^2 h,...,ia = M^) (8-51) 

For these fields we shall assume periodic boundary conditions in all directions. For the 
1-direction this means: 

^1 N,i2,...,id = 'fl 0,12, ...,id 

V^2 N,i2,...,id = '^2 0,i2,-,id (8.52) 

The action (I8.45p . formulated on this lattice, is: 

S = A'^ ^ [ --r^ i^Pl h+l,i2,...,id - ¥^1 ii,i2,-,idf + ■ ■ ■ + 



il,...,id=0 



2A2 

- 

2^ IV^2 h+l,i2,...,id ~ ii,i2,...,ij + • • • + 

- ^2 

2^2 1*^2 ^2 ti,...,id-i,td) ' 

V{ipi i,,...,id,^2 j (8.53) 

Now we may transform to polar field variables, since now the path integral is properly 
defined, it has become merely a 2A^'^-dimensional integral. The transformation goes as 
follows: 

'^il,...,id 

'^n,-,td 



^2^.,...M = r,„„,. Sin ( ) (8.54) 
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This can be substituted in the action above. To keep things readable we define the shorthand 
notations: 

i = ii,...,id 

f I 1 \ 

(8.55) 

The action becomes: 

. ^ E (i,V,,Vi,,f((l-c„s^).....(l-c„s^)) + 



ii,...,id=0 

^'^i V I 1 - cos — 1 + . . . + —riVdr-i I 1 - cos — ) + 

cos — , sin — j ^ (8.56) 

Now we will expand the cosines in the first two lines. Also we will assume that the 
potential is such that the minimum of the complete action is at v, where v is some nonzero 
constant (the same v that divides w in the cosine). This assumption is necessary to avoid 
difficulties with the singularity at r = in the transformation fl8.54p . Because the minimum 
of the action is at r = f we also expand the action around this value: 

ri = v + r]i. (8.57) 

The final form of the discrete action is: 



/l 1 

il,...,id=0 \ 



°° ( — ^ "l" A2n-2 

71=1 ^' 

°° / I An A 2ra-2 

- E + • • • + ^^'^^^^ ^^'^^^)") 

n=l ^ 

n=l ^ 
°° ( — 1 A 2n-2 

- E + • • • + (^'^^^^ (^^^^)") 

n=l ^ ' 

+ 1/ f (t; + r/i) COS —,{v + T]i) sin — ) | (8.58) 
V V V / 
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Note that this expression is still exact, as long as we keep all the terms in the sums 
coming from expanding the cosines. Our complete discrete path integral P (defined in 
(18. 2p ). formulated in terms of the polar fields, now looks like: 



P= [ illiv + V^)dv^] [ [lldwA O exp(-^s) , (8.59) 



J=0 / ■'-'"'^ \i=0 / V ^ 

where the action 5" is given by (18.581) . O is some product of the yj-fields: 

O = {v + r]jj cos— (f + m) cos ■ [v + r]kjsm [v + rjkj sin — - , (8.60) 

V V V V 

and i still is a shorthand notation for ii, . . . , id- Here ji, . . . ,jm and ki, . . . ,kn are discrete 
space-time coordinates. (By ji we actually mean ji i, . . . , ji d, as in (18.55p .) 
The product 

N-l N-l 
i=0 i=0 

is the Jacobian from the transformation to polar fields. This Jacobian factor can be recast 
in the following form: 

Y[{v + r]i)] = exp + ^0 (8-62) 

.i=0 / \i=Q J 

Also the domain of integration for the if-fields can be extended from [—vtt, vtt] to {—oo, oo), 
because the whole integrand is periodic in the w-fields. Finally we can also extend the 
lower integration boundary for the r^-fields from —v to — oo, this shift will only have non- 
perturbative effects. 

So we have brought our path integral to the form 

P= [lldv^\ illdw^]0expi--S+J2Hv + V^)]■ (8-63) 

This is a normal path integral on a lattice, in the sense that it has the same form of a path 
integral in terms of Cartesian fields. Such a path integral we can calculate in the ordinary 
way, with perturbation theory. The action of this path integral does have an infinite number 
of vertices however, because the discrete action (I8.58P has an infinite number of interaction 
terms and also because the expansion of the logarithm coming from the Jacobian has an 
infinite number of terms. But it is still an exact expression, because we keep all terms. 

Now we have to write down the (discrete) Feynman rules for the action we have found. To 
write down the momentum-space Feynman rules we must first transform the configuration- 
space fields rj and w to momentum- space fields fj and w. In the continuum such a transfor- 
mation is given by: 

ri{k) = I d'^x 7]{x) e^^-^ , (8.64) 
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and similar for the w-field. The discrete analogue of this formula is: 

N-l X 

fik,,...,k, = A'^ ^ exp ( {h{Ati - L/2) + ... + kd{Atd - L/2)) \ , (8.65) 

where we have used that the continuous momentum is related to the discrete momentum as 

fccont = ^^t'^"" • (8.66) 



The inverse transformation of (18.651) is 

exp 1^-^ (/ci(A2i - L/2) + ... + kd{Aid - L/2)) j 



Vii,...,id 



ki,-,ka=~N/2 

(8.67) 

and similar for the w-field. To see that this is indeed the inverse transformation of (18.651) 
one can use the identity 

1 /27ii \ 

Y exp f — (fciii + . . . + /iJrfid) j = (5fci,0modAf ■ ■ -^fcd.OmodiV • (8.68) 
ii,...,id=0 ^ ^ 

From the relation (I8.66P we can see that when we take L ^ oo the momenta become 
a continuous set. Their domain is still finite however. Because the discrete momenta are 
between —N/2 and N/2 — 1, the continuous momenta are in the domain 

fccont e (-^, J) . (8.69) 

The finiteness of this domain reflects the discreteness of space-time. From now on we shall 
understand that we have taken the limit L — > oo, such that all sums over momenta become 
integrals. But of course A is still finite. 

By using (18.671) . in the limit L ^ oo, we can now express the discrete action (I8.58P in 
terms of the momentum-space fields fj and w. From this action one can then read of the 
discrete, momentum-space Feynman rules. Notice that we did not specify the potential V, 
so we will not include the Feynman rules coming from this part of the action. This potential 

V will also determine the masses for the i]- and w-field. We shall keep these masses general, 
the upcoming proof for the conjecture will not depend on the explicit form of the potential 

V and the masses. In the Feynman rules below we will neither include the Feynman rules 
from the Jacobian, the proof of the conjecture will also not depend on the exact form of 
these vertices. 

The discrete, momentum-space Feynman rules are then: 

n 



^ - ^ cos Aki - ... - ^ cos Akd + 

h 

^ - ^ cos Aki - ... - ^ cos Akd + ml 
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P 



1 1 
'^A2 



(e-^Pi + 1) (^e-'^'^'"' - l) [e-'^''"' - 1 



+ . . . + 



(-1)" 1 



+ . . . + 



-lAp, 



+ 1) (e-^^'^d 



(1) 



(2n) 




1 1 
'^A2 



[,(1) 



(2) 



+ . . . + 



1,(2) 




(-1)" 1 



(1) 



+ . . . + 



^g-iApd _|_ ^-lAqa^ ^p-iAfc 



(1) 



e-*^«d -1 



(2n) 



^(3) 



1 1 



+ . . . + 
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e '^'"'^ - 1 



- 1 



.-''^(2n) 



(-1)" 1 



-iAfc 



+ . . . + 



-lAk 



d _ 1 



■ (8.70) 

Here all the (continuum) momenta are counted incoming. Together with these Feynman 
rules for the propagator and the vertices we have the rule that every internal momentum 
should be integrated over from — vr/A to vr/A. 

Now all these vertices can be written in a more convenient form. By combining all the 
complex exponentials (i.e. writing out all products) and using momentum conservation at 
the vertex one will notice that for each exponential also its complex conjugate occurs. They 
can be combined into a cosine, the same cosine that occurs in the discrete propagator. In this 
way we can write the vertex expressions above in terms of the denominator of the propagator. 
As a shorthand notation we denote the denominators by 11^ and 11^: 



2d 

A2 
2d 

A2 



2 27rfci 

^'''^ 
2 2'Kki 



27ik. 



A2 
2 



cos ■ 



-...--COS 



N 



d 2 



+ m„ 



(8.71) 



To write the vertices into this more convenient form we also have to define an operator P. 
We denote the set consisting of the j*^ components of the momenta k^^\ . . . , /c*^^"^ by {kj}: 



(1) l(2) 



{kj} — {kj , k 



.kf-^} 



(8.72) 



Then the operator Pi working on {kj} returns the sum of i momenta chosen from the set 
{kj}. There are (^") ways to choose i momenta from a set of 2n momenta, so there are also 
different operators Pj. For example: 



P2{%} = A;f + kf . 
With these notations we can write the vertex expressions as follows. 



(8.73) 



P 



kW 



hv 



(n,(i) + n 



fc(2) 



lip - 2ml + ^l) 
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^(2n) 



^(2n) 



- X] np2{A:} - ^ Hp+p^lfc} + . . . + 
P2 Pi 

(-1)" 5^ np„_,|,| + (-1)" np+p„-.{fc} + 

2^--'ml - (1 - 22"-i) ^ 



A;(i) 1 



- Hp - n, + 



1 1 1 1 

^p+kw + -11^+^(2) + -ng_^^(i) + - 



2ml + 2mJ 



- Hp - + ^ iip+pjifc} + ^ n^+p^ifc} + 



~ np+P2{fc} - ^ ng+P2{fc} + . . . + 

Pa P2 

X] np+Pn-i{fc} + (-1)" ng+p,^_^{fc} + 

Pn-l Pn-1 

i(-ir+i^np+p„|,} + ^(-ir^$^n,+p„|,j + 
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" X ^ ( ^fed) + nfc(2) + n;t(3) + n;^(4) + 



1 - 


-in 




2 ' 






- -nfc(2)_^fc(3) 





hv 



2n-2 



^Pi{k} - ^ np2{fc} + . . . + 

Pi P2 

Pn — 1 Pn 




: (8.74) 

Notice that the bars are always placed on the terms with an operator Pi with i even. For 
the sake of the argument it is convenient to place these bars in this way. Whether or not a 
bar is placed on the last term, with P„, thus depends on n, whether n is even or odd. Above 
the bars are placed as if n were even, but it should be clear how they should be placed when 
n is odd. 

Now notice that these vertex rules look identical to the rules one would use when doing 
a (i-dimensional continuum calculation. For example, in the continuum the 3-vertex would 
be: 

^ < " ^ ■ fc(^) (8.75) 

- . km hv 

To simplify the dot-product in a (i-dimensional calculation one would write it as 



(<:"> + k'''>]' + m^) - 2ml + ">?, ) . (8.76) 



which corresponds exactly to the discrete vertex expression given in fl8.74p for the 3-vertex. 
So when one uses the continuum rules to rewrite dot-products of momenta, as in the 3-vertex 
example above, one is actually doing a correct calculation, although one is doing a continuum 
calculation. 

Another rule that one uses in a continuum calculation is that it is allowed to shift the 
loop momenta. Also in a discrete calculation this is allowed, because of the periodicity of 
the discrete propagators and vertex expressions. 
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What then goes wrong in a continuum calculation? There is one more rule that one uses 
in a continuum calculation that we have not mentioned up to now. This rule is: 

This rule, however, is not correct in a discrete calculation. For example, in dimension 1, we 
have to realize that by k and k"^ + we actually mean: 

A ^ ^ 
2 2 

fc^ + ^ -TJ - -r^ cos(Afc) + (8.78) 
A A 

So by the integral above we actually mean: 

— / dk , ^ — / dk , ^) ——^ = -U + 0(A) (8.79) 

2nJ k^ + w? 2nJ_^/^ ^ _ ^ cos(AA;) + m2 2 ^ ^ ^ ' 

This shows that the rule fl8.77p is not correct to use. The only instances that one would use 
the rule (18.771) is when a 11 (or n) is left in the numerator, and cannot cancel anything in 
the denominator anymore. 

Below we shall show that all such terms, where a 11 (or n) remains in the numerator, 
cancel when one adds all diagrams for a certain Green's function. To this end it is convenient 
to split up the vertices in fl8.74p as follows: 



p 



p 



(-1)" 

fiy2n-l 



n 



hv 



2n- 



V Pl P2 



P2{k} - X] ^p+P2{k} + • • • + 
P2 
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P 






y 




y 
y 

y 

\ 

\ 



Pn-l 



-1)" 



- {-2^-'ml - (1 - 2^"-^) 



(-1)" 



(-n,) 



~ X] np+P2{fc} - X ^q+P2{k} + • • • + 
P2 P2 

(-1)" X] np+p,^_j{fc} + (-1)'' X n,+p„_^{A.} + 

Pn-l Pn-1 



(-1)" 



(-1)" 



n 



fc(i) 
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hv 



— n^(2n) 



2n-2 



hv 



2n-2 



^np2{fe} + . . . + 



P-i 



Pn 



hv 



-1)" 

2n~2 



{-2'--'ml - (1 - 22"-2) 



(8.80) 



Having written the vertices in this form it is clear where the problem terms in a certain 
diagram come from. They come from a vertex with a dot in the center or two vertices 
connected by a line with two dots. That a dotted vertex is a source can immediately be seen 
from the vertex expressions above. A line with two dots and momentum k flowing through 
it gets two life's in the numerator, from the vertices, and only one 11^ in the denominator, 
from the propagator. 

It is now easy to derive the following recursion relation, valid for n > 2: 
\ / \ / 

" >»-^ " ;2n - 2 + ~ ~ ~ " :2n - 4 + . . . + 



e{n)\ >• •< \2n — e{n) + 



>•-*< ;2n-3 + --^>*-*< \2n-h +...+ 



2n — e{n) — l\ >•-*< :e(n) + 1 + 



2n[ « =0 (8.81) 
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In these diagrams it is understood that the outgoing legs should be connected in all possible 
ways. e(n) Is defined as: 

n if n is even , . 

[o.oZj 



e[n) = , 1 -f • 

n — 1 II n IS odd 

Notice that the third and fourth line in the recursion relation above are not there when 
n = 2, these diagrams simply do not exist. 

We also have the following two recursion relations: 




2n-2 + . . . + ein) 




2n — e(n) + 



;2n - 2 + . . . + ein) 



'.2n — e(n) + 



-•< :2n-l +...+ 2n-e(n)-l[ 



]e{n) + 1 + 




2n-3 +...+ 2n-e(n)-l: >•- 




e(n) + 1 



2n\ 



^3) 



In this recursion relation n> 2. 




2n-2 + ...+ e(n) 




2n — e(n) 




2n - 2 + . . . + e(n) 




\2n — e{n) + 
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2n-l + ...+ 2n- e(n) - 1 




e(n) + 1 + 




2n-l + . . . + 2n- e{n) 




+ 




(8.84) 



In this recursion relation n > 1. The first two hnes are not there when n = 1. 

With these recursion relations it is easy to see that the problem terms always cancel in 
the complete set of diagrams for a certain Green's function. If somewhere in a diagram an 
internal line with two dots occurs, then at this same point in the diagram also the dotted 
vertex can occur. These diagrams then sum up to zero. 

So finally we have proven that the problem terms cancel in the complete set of diagrams 
for a certain Green's function. If they cancel out anyway it is also correct to treat these 
problem terms like one would in the continuum. Of course one makes a mistake for each 
problem term, but these mistakes cancel out again in the complete set of diagrams. So 
there is nothing wrong with taking the continuum limit right from the start and doing a 
d-dimensional continuum calculation. 

Notice that it is no problem to add the vertices coming from the potential V and the 
Jacobian to this argument. These vertices give no problem terms themselves. They can 
be combined with the dotted vertices, but the problem terms always come from a clear, 
separated part of the diagram, either two vertices connected by a line with two dots, or a 
dotted vertex. 

Now we know it is correct to take the continuum limit A — >■ straightaway in the discrete 
Feynman rules (18.741) . If we do this it is easy to see that only the rjww- and rjrjww-veitex do 
not vanish. All the other vertices go to zero, as can be seen from their expressions in (I8.74p . 
but also, and much quicker, from (I8.70p . because they all have one or more factors of A in 
front when the exponentials are expanded. 

So, finally we are left with the Feynman rules: 

h 

n 
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h 2 

^ — /ci ■ k2 

2 



2^1-^2 (8.85) 



hv 

plus the Feynman rules coming from the potential V and the Jacobian. These are exactly 
the Feynman rules that one would have read off from the continuum action: 

S = / ci'^a;(-(Vr)^ + -(Vu;)V-r/(Vw)V A7r?^(Vu;)^ + y frcos-,rsin-n 
J \2 2 V 2v^ V V V J J 

= I d^xi-iWrf + -'^^{Vwf + V {rcos-,rsm-S\ (8.86) 
J \2 2v^ V V V / J 

Recapitulating the proof, we have done the following. The basis of our proof is the 
discrete path integral in terms of the Cartesian fields ipi and (^2- In this path integral on 
the lattice it is completely legitimate to transform to polar fields. After this transformation 
we get a very big, complicated action. Looking at the discrete vertex expressions we find 
how we can simplify these expressions, and how we can let them cancel against propagators 
in a certain diagram. We notice that these rules are exactly the same as in a (i-dimensional 
continuum calculation. All the rules that we would use in a continuum calculation appear to 
be valid in a calculation on the lattice as well, except for one: rule (18.771) . The terms where 
we would need to use this rule can then be shown to cancel in the complete set of diagrams, 
by using the three recursion relations. So by using the incorrect rule (18.771) we actually make 
a mistake, but all these mistakes cancel in the complete set of diagrams. Thus we know that 
all the rules that we use in d-dimensional continuum calculation are also valid in a correct, 
discrete calculation. This means we might as well take the continuum limit directly in the 
discrete Feynman rules fl8.70p . Then these Feynman rules simplify to fl8.85p . and we have 
proven that a ci-dimensional continuum calculation with the action (18.861) is correct. 

8.5.1 An Example 

To see explicitly how the mechanism described in the previous section works we consider an 
example. Consider the 1-loop ?7-propagator. There are two types of diagrams (We do not 
include vertices from the potential V and the Jacobian, because such vertices will never give 
problem terms.): 



and 



Here, dots should still be put on the lines or in the vertices. There are a lot of diagrams, but 
it is easy to see that there are only two diagrams that contain problem terms. These are: 
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»7r/A / . \ 



.1\ ^ 
hv) ^likiip-k 



1 1 



t;2 (27r) 



tt/A 



1 1 



fTr/A 



-tt/A tt 

rf'^'A: ^ (8.87) 

Indeed these diagrams cancel, as is guaranteed by the recursion relations derived in the 
previous section. The other diagrams, contributing to this ?7-propagator at 1-loop order, 
have their dots in other places, or have vertices without dots, that can also come from the 
potential V. These diagrams can never have a problem term. And thus the whole 1-loop 
propagator is free of problem terms, and the continuum limit could have been taken right 
from the start. 



8.5.2 The Jacobian and w-Loops 

In the previous sections it has become clear that it is allowed to work with the continuum 
Feynman rules fl8.85p . as the conjecture states. Together with these Feynman rules we have 



of course the rules from the arbitrary potential V, and the rules from the Jacobian. From 
the discrete calculation it is easy to see that the Jacobian can indeed be rewritten as: 



i[r{x) = n 



exp 



— {—h Inr(x)) 



exp 



exp 



exp — 



exp 




(8.88) 



as the conjecture states. The Feynman rules coming from this Jacobian are: 
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(8.89) 



Here the standard integral / has been defined earher, in (18.151) . 

We see that all these vertices give strange integrals /. In the case of the shifted toy model 
and the arctangent toy model we already saw that these integrals I always cancelled against 
identical terms coming from w-loops. We shall now prove this in general. 

Consider a w-loop with only rjww- and rjrjww-vertices (as given in (18.851) ) on it. So the 
diagrams we are calculating can only have external r^-legs. Such a diagram would look like: 




Now these diagrams have a part which is going to cancel the /-integrals from the Jacobian. 
This part is exactly the worst divergent part of the diagrams above. To calculate this worst 
divergent part the masses and incoming momenta can be neglected. 

In this case it is easy to write down the generating functional for such diagrams. This 
generating functional is defined as: 



Zix) = Y: ^[^ ]y- ^, (8.90) 

n=l ^ -| " 

where the diagram symbolizes all 1-loop diagrams of this type with n outgoing 77-lines. 
We denote the number of rjiuw-Yertices in the w-loop by and the number of rjrjww- 
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vertices by n^. Then the generating functional Z{x) for diagrams of this type is given by: 



n4 

2\ ' 



n3,n4=0 



^ \ n3+"4 ^n3+2n4 

(2n3 + 2ra4)!!(n3 + 2n4)' 



J ' '■(713 + 2^4)! 



-/ In ( 1 + - 



-(-!).■(„ -1).^ (8,91) 



n! 

n=l 

So we can read off that a ly-loop with n outgoing ?7-hnes has a worst divergent part given 
by: 

(-l)"(n-l)! 

^ ^ I 8.92 

This exactly cancels the vertices from the Jacobian. In any diagram, wherever a dotted 
vertex from the Jacobian with n legs occurs, also a u;-loop with n outgoing legs can occur, 
and their part that contains the standard integral / cancels! 

8.5.3 The Dimensional Regularization Scheme 

In the case that one uses the dimensional regularization scheme one has that: 

pip/A-^-O v™, (8.93) 

which means that also our standard integral / becomes zero: 

1 = 0. (8.94) 

This means that in the dimensional regularization scheme it becomes even easier to work 
with a path integral in polar field variables. In this case one can also completely forget about 
the Jacobian one gets from the transformation. Also one can ignore the integrals I that are 
generated by w-loops. 

In this thesis we will keep everything general however, and not specify a regularization 
scheme. 



8.6 The 1-Dimensional Case 

In section 1875) we have proven the conjecture for a general model with two fields in d space- 
time dimensions. This conjecture, which is promoted to a theorem by now, enables us to 
actually calculate things via the path integral in terms polar fields for any (i-dimensional 
model. In a (i-dimensional model the only analytical computations we can do in practice are 
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continuum calculations. Analytical discrete calculations, i.e. calculations on the lattice, are 
in practice much too hard to do. That is why we have not bothered to simplify the discrete 
(i-dimensional path integral, hoping to do a discrete calculation with this simplified form. 

In one dimension analytical discrete calculations are sometimes possible (as we will see 
in the next section). Therefore it is convenient to have a reasonably simple, discrete path 
integral in terms of polar fields for the case d = 1. It is this path integral that we shall derive 
in this section. 

By deriving this path integral we shall also make contact with the literature on quantum 
mechanical (i.e. 1-dimensional) path integrals in terms of polar fields [33 | [Ml [35] . 

Our starting point will again be the discrete Feynman rules (18.701) . now specified to d = 1 
however. Also, for the sake of the argument, we will split up the vertices as given below. 
The 1-dimensional Feynman rules are then: 



- X2 cos A/c + ml 



P 



h 



2 

A2 



COS Ak + m2 



2(-l)" 1 



p 



"(e-^^P _ 1) (^e- 



iAkW l\ . . . /'g-*Afc(2") 





f.{2n) 



fc(2n) 



^(2n) 
kW 



2(-l)" 1 



(-1)" 1 



- 1 



e 1 - 1 



(-1)" 1 

^f 2n-2 ^ 



(8.95) 



^(2n) 



Looking at these vertex expressions we notice that only the vertices 
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(8.96) 



have a finite continuum limit, all the other vertices go to zero when A is sent to zero in 
the Feynman rules. First we are going to consider all diagrams which have at least one of 
these vertices that vanish in the continuum limit. The only way these vertices can survive a 
continuum limit in a complete diagram is when there occur loops that give a 1/A. 

First consider 1-loop diagrams. All 1-loop diagrams can be built from the vacuum dia- 
gram 




(8.97) 



By attaching legs we can build any 1-loop diagram from these. Having an //-line in the loop 
will never give a 1/A, no matter which vertices we use. If the whole loop is a w-line this 
loop can give 1/A's. If we construct a diagram from this vacuum graph with at least one 
of the vertices that go to zero in the continuum limit, one can verify easily that either the 
whole diagram goes to zero in the continuum limit or diagrams cancel among each other in 
the complete set of graphs for a certain process, such that the whole process is zero. 

The same thing can now be done on 2-loop level. Here we can construct all diagrams 
from the vacuum graphs 




One can see that the only diagrams surviving the continuum limit and containing at least 
one of the vertices that vanish in the continuum limit can be constructed from the following 
vacuum graphs by only attaching lines with the vertices 08.961) . because these vertices do 
not give additional powers of A. 



and I— « — ^ 

(8.99) 

For the vacuum graphs we have the following expressions, excluding vertex constants and 
symmetry factors. Only the discrete loop integration is done and the worst behavior in A is 
kept. 
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' I ' 
\ * / 



A2 

/-^/^ ^ _1^ 

^ ~ ^ , 



; 2 A 

\ _ ^ 

~ ^ „ 



A' 



2 (8.100) 



We now construct all IPI diagrams from these vacuum graphs by attaching lines with 
the vertices (18.961) . Because we can only attach hues with these vertices we can only get 
external T^-lines. We shall now calculate the generating functional of all the diagrams that 
can be constructed in this way: 

Z[x) = ^ ( T';n —x"" (8.101) 

n=0 ^ — 

Now this for the first vacuum graph, is given by: 
8A2 ^ [nv^^hv^^hv^2 j 

ma, m4,n3, 724=0 ^ 



hv J \ hv^ J \2\J \2\2\ 

1111 



ms! ns! ri/il 



(2m3 + 2m4)!!(2r23 + 2ni)\\x 



+713 +2n4+2m4 



1 h 



(1+f)' 



-1 " n + 1 1 ^ ^ 

= -> ^ \o — ;x 8.102 

n=0 

Here 1/8 is the symmetry factor of the vacuum graph, and m4 denote respectively the 
number of rjivw- and r^r^ww-vertices in the left loop and ns and denote the number of 
rjww- and ?7?7ww- vertices in the right loop. Now we can read off 



;n = ^ \7 ' 8.103 

8 ^ ' 
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2 (8.104) 



for the first vacuum graph. 

Also the contributions from the three other vacuum blobs can be constructed in the 
same way. Their generating functions appear to cancel each other. The reason for this shall 
become clear below. For now the only 2-loop contribution we get is (18.1031) . 

The n-leg diagrams that we find in (18.1031) are exactly the vertices one would get from a 
term 

8 r 

in the action. This can easily be seen by substituting r = v + rj in this term and expanding 
it in 1]. This means, up to 2-loop level, one can discard the vertices that go to zero in the 
continuum limit and replace them by the vertices from (I8.104p . In the action this means one 
is left with 

«--EG^H-il|<-^-|l). (8.105) 

Disregarding 3- and higher-loop level we have now proven that our 1-dimensional discrete 
path integral P (defined in (18.21) ) is equal to: 



P 




exp I - -A > , ( - + — ' - - ^ + 



(8.106) 

This is a form that one can also find in the literature. This same path integral is derived 
by Lee [33] in chapter 19, formula (19.49). Also Edwards et al. [31] and Peak et al. [35] find a 
term (I8.104p . However they start with the discrete path integral in terms of Cartesian fields, 
transform to polar fields and actually perform the angular integration. Only then they find 
the term (I8.104p . We have presented a more general proof of this term here, like Lee |33j . 

Up to now we have not proven that at 3- and higher-loop level there are diagrams, 
containing at least on of the vertices that vanish in the continuum limit, that can not be 
built also from vertices from the term (18. 1040 . We shall not prove this in this thesis. In 
this thesis we are mostly interested in rf-dimensional models, and the conjecture needed to 
compute via polar fields in these models has already been fully proven. It should be clear 
however that, to have agreement with the literature, the path integral (I8.106P is correct, up 
to all orders. So, although we cannot prove it at this point, there are no diagrams at 3- and 
higher- loop order that cannot also be constructed with only the term (18.1040 . 



Lee's Proof 

The strictly 1-dimensional (i.e. quantum mechanical) derivation of (I8.106P by Lee [33j is based 
on how quantum mechanical path integrals are mostly derived in elementary textbooks. Note 
that Lee derives the Minkowskian version of (18.1061) . Here we will shortly sketch Lee's proof. 
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One starts with a certain amplitude 

{x',y'\x,y) (8.107) 

that one wants to calculate, where \x,y) is a state in the Heisenberg picture. Here we have 
a two-dimensional space-time, the analog of this in our quantum field theory is the two- 
dimensional field-space with fields ipi and (p2. To derive the path integral one makes time 
discrete and at each discrete time point t one inserts the unit operator 

dxdy \x,y,t){x,y,t\ . (8.108) 

(Here \x,y,t) is a state in the Schrodinger picture.) Working this out one finds the path 
integral in Cartesian coordinates. 

One might also have inserted the unit operator 

j drde \r,e,t)p p{r,e,t\ (8.109) 

at each discrete time point t. Here the subscript P denotes that we are dealing with polar 
states, which are related to the Cartesian states as: 

|r, e, t)p = Vr\r cos 9, r sin 6) . (8.110) 

We need the ^/r to have the proper normalization for the polar states. Only with this ^/r 
we have that the operator ( 18.109^ is a unit operator. 

At some point in the derivation towards the path integral we have to let the Lagrangian 
density 

C = hl + hl-V{x,y) (8.111) 

operate on the polar states. Here vr^. and tTx are the canonical momenta conjugate to x and 
y. We know that these canonical momenta operate on the Cartesian states as: 

■ft ^ 

OX 



TTy = -ih— . (8.112) 



dy 

If we then define the canonical momenta conjugate to r and 6 as 

or 

= (8-113) 

we have 

^l + ^i = ^r + ^X-ir2- (8-114) 

Here we see the emergence of the term ( 18.1041) in this derivation of the path integral in polar 
fields. This roughly sketches how fl8.106p can also be derived in this way. 

Notice that the term fl8.104p is only found in a 1-dimensional argument. In d dimensions 
there is no hope that all the vertices that vanish in the continuum can be replaced by a 
simple term like (18.1041) . 
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Another Way to Derive (18.1061) 

Another way to derive the discrete 1- dimensional path integral fl8.106p is by first using the 
conjecture. So one computes all diagrams in a d- dimensional way in the continuum, with 
the simple Feynman rules from the continuum action, then one lets d ^ 1. To obtain the 
discrete version of these diagrams one has to know what the difference is between calculating 
in the continuum and calculating in the discrete. This difference, we know, comes from the 
problem terms. If we formulate the (continuum) r)ww and rir/ww-vertex with the dots, as 
we did in section 18.51 then we have a clear source of problem terms. Because in this case we 
only have the rjww- and Tjrjww-vertex we also only have the recursion relation: 



This recursion relation ensures that all problem terms from a w-\me with two dots cancel 
against the dotted part of the rjriww-veYtex. So the problem terms from w-lines are never 
going to give a difference between a discrete and continuum calculation. All we have to do 
is find the problem terms coming from T^-lines with two dots. 

Now, as in the previous (partial) derivation of (18.1061) we can build all diagrams from 
the vacuum graphs. At 1-loop order there is no difference between a continuum and discrete 
calculation. At 2-loop order the only problem terms come from the vacuum graph 



Now we can understand why, in the other derivation of (18.1061) . the generating functionals 
from the last three vacuum graphs in (I8.99P cancelled. Only the first graph in (I8.99P corre- 
sponds to the vacuum graph above. This correspondence can be seen by pinching the dotted 
ry-line in the vacuum graph above. The last three vacuum graphs in (I8.99P correspond to 
problem terms from dotted w-lines or a dotted rjrjww-vertex. These cancel among each other 
because of the recursion relation (18.1150 . 

Now the difference between a continuum and discrete calculation of the graph (18.1160 
can be calculated. Also the generating functional of diagrams where we connect any number 
of ?7-legs via the rjww- and ?7?7ww- vert ices can be calculated. The result of this generating 
functional is given by (I8.102p . In this way we find that, to compensate for the differences 
that we get by doing a discrete instead of a continuum calculation, we have to introduce the 
term (I8.104P in the action again. 

Also in this way of deriving (18.1060 we do not know how to show that 3- and higher-loop 
diagrams give no new differences. 




\ 




/ 



8.7 A 1-Dimensional Illustration 



In the previous section we have shown that, in the case of one dimension, the path integral 
in polar field variables is given by (18.1060 . In this section we give a specific example of how 
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(18.1061) can be used in a discrete calculation. We will calculate (r(x)) and {ipi{0)ipi{x)) in 
the arctangent toy model through this formula and compare the results with the results we 
can find in a Cartesian calculation. The Cartesian results for some (yj-Green's-functions have 
already been found in section 18.4. 1[ 



8.7.1 {r{x)) 

According to (I8.106P {r{x)) is given by: 

= drQ. . .drN-iTQ. . .tn-i I dwo . . . dwN-i rj 



Z{0) J- 



h 2^ 



i=0 



-T^> A o .2 + o-^ A2 - ^ + 



,2 2^2 , ^^^^ 2 



,,A-t-vr+'^wt]\. (8.117) 



Here j is the discrete coordinate corresponding to x: 



x = ~+jA, (8.118) 



oo POO 



and Z{0) is given by 

^(0) = / '^^0 ■ • ■ drjy^i ro . . . rAf_i / dwo . . . dwN-i 

N-l 



— oo J — oo 

N-l 



, A X . ^ (r^+1 -r^)^ 1 r 2 (w^+i - w^)^ 
^-Pl -^^2.1^2 A2 +2^ ^ + 

^^i-? - + 1 1 . (8.119) 



First we shall focus our attention on the w-part in ( 18.117^ . This part we call Z^iO), it is 
defined as: 

Z„(0) - - . <i».., exp (-IaJ: (ir|(!^5±^ + !^.?)) . (8.120) 

This Zui{0) is a quantity depending on all r's. It is this dependence we have to know before 
we can do the r-integrals. 

We will now try to find this dependence by finding a set of differential equations which 
are satisfied by Zy^[0). Then we will try to solve these differential equations. If we are 
successful we will have fixed Zy^{0) up to a constant, which is unimportant. Such a set of 
differential equations is readily found. If we let 

-4^2' J = 0,...,A^-1 (8.121) 
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operate on Z^(0) we get: 



Id f°° ( 

h—-^Zy,{0) = J dwQ. . .dwN-1 y 



1 (wj+i — WjY m^f ^ o 

-w 



2y2 ^2 2r| ^ 

N-l /-, 9 / N9 2y2 

i=0 



exp ( - -A ( - ~ ' — ' 

\ ^ i=o 

- 5^.^.(0) (^^^^±^)^-Z„(0)^K^)„. (8.122) 

This differential equation is satisfied by Zw{0) for j = 0, . . . , — 1. Here the w-average 
((. . of some product of fields a is given by: 



1 f°° ( 1 (\ 

^"^'^ " ZJ^) loo ^""^ ■ ■ ■ ^"""^-^ V"^^ § U 

Before we can proceed we have to know the quantities 



^2 A2 + 2r2 



^.123) 



and K)^. (8.124) 



A2 / ' ^ 

So first we will have to calculate the discrete w-propagator {wjWk)w 

The Discrete w-Propagator 

The discrete w-propagator is given by: 

1 f°° 

{WjWk)w = ry (r.\ \ ■ ■ ■ dw N -I WjlVf, 

^w[^) J -co 

We will find the w-propagator through the discrete Schwinger- Dyson equations. To find 
these Schwinger-Dyson equations we first have to know the Schwinger-Symanzik equation 
for Z^{J) in discrete form. Zya{J) is defined by 

Z^{J) = dwo... dwN-i exp I --A (^-— — + -^w^ - JiWi j 

(8.126) 

and the Schwinger-Symanzik equation it satisfies is 



1 as 



A dwj 



Jj Z^{J) = . (8.127) 
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The part with the partial derivative of S can be written out. When doing this it is convenient 
to introduce the following discrete derivative definitions: 

a J = , a J = — (8.128) 

where a can be any quantity with a label j. 
The Schwinger-Symanzik equation becomes: 

1 d 



3 



1 4 

m V 



j 



(a^^) - "'j V«( = (8.129) 

Now, to obtain the Schwinger-Dyson equations for the w-propagator, let work on 

both sides of the Schwinger-Symanzik equation fl8.129p and put all J's to zero. If we also 
divide by Zy^iQi) we get: 

2 4 2 
Tfl V V 

r^j{w',j_^Wk)w - A{r'j_^f{w'j_^Wk)w + 2rjr'j_^{w'j_^Wk)w —{wjWk)w = -^^^jk (8.130) 

Now we have to find a solution that satisfies this discrete Schwinger-Dyson equation. 
Because later we are only interested in the continuum limit of our final result, this solution 
only has to satisfy the Schwinger-Dyson equation up to order A°. The following solution 
does the job: 



h 




2m 


exp 1 


h 






if 


2m 




n 




2m 


exp 



-mv 



i=j+i " 



-mv'^ 



^il^] '^^<3- (8-131) 



i=k+l 



To verify this one has to treat the cases k < j — 1, k = j — 1, k = j, k = j + 1 and k > j + 1 
separately. As an example we will verify the case k > j + 1 below. In this case, the average 
{w'j_iWk)w becomes: 

{w'^-iWk).. = I exp I -mv^/\ ^ -L j _ exp I -mv^/\ ^ -i 

V V i=j+l *-V V i=j 

= exp —mv A > — 1 — e 

= {wjWk)n^(mv^\ + 2mv^\Ar'j^-^ + 0{A)] . (8.132) 
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Remember that r'j is of order in one dimension. The average {w'-_iWk)w becomes: 
{w'^-^Wk)^ = ( - 2exp j -mv^^ ) + ^^P ( -mv''^ ^] + 

( 1 

exp —mv A > ^5 — 

= {wjWk)^^i-2 + e '■^■+e '■^-1 j 
= {WjWk)w-ri^ mv A— + -m v A — - mv A— h -m v A 



A^\ r] 2 t] r]_, 2 r^_^ 

0{A" 

{wjWk)n,^ (mv^A^ + m^v^A^^ 
\ j j 

"^^'^ ( -i - 2^(r, - r,_i) - 3-^(r,- - r,_i)2 ) + 



O 



{w,WkU ( - — ^(r;„i)^ + ^ + ^(^^) ) • (8-133) 



j j j 



These results can now be substituted in the Schwinger-Dyson equation fl8.130p and we see 
that it is indeed satisfied. 

Now we have our desired discrete solution and we can continue calculating Z^(0). 

The Calculation Of Z^{0) 

Now that we know the discrete w-propagator we can use this result in the differential equa- 
tions for Zw{0). In these differential equations the two following quantities occur. 



^2 / A2VN-J/- ' 



1 






(-■ 




1 


A 


j 



e ^ 



2 r| 



+ 0(A) 



K). = ^ (8.134) 
With these results the differential equations for Z^{^) become: 
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or 

-^Z^(O) = --^^.(0) + —^Z^{0) + O{A')Z^{0). (8.136) 

avj ZTj Zrj 

We now have a set of A'" uncoupled differential equations, which are easily solved: 
1 9 „ , , 1 Amv'^ 



= -— + —^ + 0{A 



2\ 



InZ^(O) = lnr-^-^I^ + 0(A^)+C 

1 -^f^+0(A2)+C 



Z^(0) = -e (8.137) 
Here C can depend on with i ^ j. The complete Zy,{0) is then easily constructed: 

ZM - C (jl exp (^-AJ2 + OiA)^! (8.138) 

We see that in the continuum limit the term of order A between the brackets in the ex- 
ponential is unimportant, this verifies our earlier statement that we only have to know the 
discrete w-propagator up to order A°. So the important part of Zyj{0) is: 

ny-p(-^E^j- (8-139) 

The Calculation Of (r(x)) 

Now that we know ^^(0) we can actually calculate {r{x)). Remember that {r{x)) is given 
by: 

2 poo poo 

(^(^)) = ^77^/ dro- . .drN-iTo- ■ -tn-i dwo . . .dwN-i 

-oo J —oo 



m 

expf --AJ]](- ^2 ' o.,2 A2 fi^2 



^ ^ ^l (n+i -n)^ 1 (w^+i - Wj)^ 

2 A2 2 " " 



% A^\2 A2 2t;2 A2 8r 

'2 2X2 , ^^^^ 2 



^„(^^-^T + ^^^' ) 1 r 

-j^ /"OO 



dro . . . drN-iVQ . . . vn-i 



m 



i=0 



(8.140) 
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Substituting our solution fl8.139p for Z^^O) in here gives: 



(8.141) 

What we have here is a normal path integral in r. This means we can do this path integral 
in the ordinary way by using Feynman diagrams. At this point also the continuum limit can 
be taken in the action, since we have no derivative couplings anymore. The continuum form 
of the action is: 

S^j,. + - - ^ + . (8.142) 



First we should find the minimum of the action. This minimum is not exactly at r = u, 
but is shifted a little because of the terms Zw{0) has introduced in the action. The minimum 
Tm satisfies: 

4(ri - '■y.'. + ^ - ^ = ■ (8.143) 



m m 



Again we want to know r^, up to order h?. The that satisfies (18.1431) up to order fi^ is: 
The expectation value of r(0) becomes: 



Now we should expand the action around the minimum and read off the Feynman 
rules. To get (?7(0)) correct up to order we have to keep all terms of order h^^"^ and lower 
in the action. After the expansion around the minimum the action becomes: 

S = J dx[-{v'ix)r + ^ - ^ + m'v' + -^V' + —V' - -^V' + ^,V'). (8-146) 
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The Feynman rules are: 



h 




(8.147) 



With these Feynman rules we have to compute {t]{0)) up to order h'^. We get the following 
contributions. 



<3 



3 h 

J ^ 

9 

4-\/2 v^vp? 
J ^ 




27 r 



64 v^rrP- 



27 

64 t>^m^ 
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3 h' 



16 v^m'^ 



9 h' 

64 f ^m^ 



9 

32 v^m'^ 




Summing up these contributions we get: 

^ / 3 \ 



vm V 4^2 

For (r(0)) we finally get: 



1 

16 f '^m^ 



35 



(8.148) 



64 2x/2/ 



4^2 



+ 



115 



(8.149) 



(8.150) 



From our Cartesian results in section [8.4.11 {r{x)) can easily be found via the formula: 
(r(x)) = (^\J {v + rii{x)Y + ri{x)^ 



+ 



(8.151) 

OV" 

Substituting the results from section [8.4. 11 specified to the case d = 1, indeed gives the same 
result as (I8.150p . Here we used the 1-dimensional results for the standard integrals given in 
appendix \M 

8.7.2 The (^i-Propagator 

As a last illustration of the 1-dimensional path integral in terms of polar fields we will 
calculate the y^i-propagator. We have: 

{(^i{x)ipi{y)) = {r{x)r{y)cos{w{x))cos{w{y))) 

= {r{x)r{y)) - -{r{x)r{y)w^{x)) - -{r{x)r{y)w^{y)) + 

111 

— (r(x)r(?/)w^(x)) + —{r{x)r{y)w^{y)) + -{r{x)r{y)w^{x)w^{y)) + 



(8.152) 
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We calculate the six averages that occur one by one. 

(r(x)r(y)) = rl + 2r^(r/(0)) + {vix)ri{y)) (8.153) 

Here is, as in the calculation of (r(0)), given by fl8.144p . The quantity (//(O)) is al- 
ready known from earlier calculations, it is given by ( 18.149p . So we only have to calculate 
{r]{x)ri{y)). For this average we get the following contributions. 



2V2m 



-IJ.\x-y\ 






V 








(l6 




f- 




V32 




9 




32 



16^2 



^-^.\x-y\ ^ ]_^-2^,\x-y\ ^ _ ^^-^,\x-y\ 

16 8^2 



(8.154) 



Summing these contributions gives: 

h 1 



{vix)r]{y)) 



m2V2 
1 



fi\x-y\ 



t;2m2 V32 4 4^2 



— e -^^l^-J'l - -mix - yle-^l^-^l + -^m\x - y\e-''^''-A. 
16 4 I ^1 ' ^' / 



Now {r{x)r{y)) becomes: 



{r{x)r{y)) = v -\ (l 



m 



2^2 2V2 



e '^l^-^l 1 + 



f V 16 4^/2 4 



4^2 



16 4 I ^1 4^2 ' ^' / 



.155) 



.156) 
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In the next five averages that we have to calculate, before we find our final result for 
the (/?i-propagator, also w's occur. These w's have to be taken into account in the if-path 
integral that we perform first in all our calculations. Fortunately we know the lu-propagator 
already, so that this result can be used in these calculations. We get: 

1 1 h 

- ^{r{x)r{y)w^{x)) = ^2'^^^^^^^^^^^^' (8.157) 

Now we can substitute our result (18.1561) up to order Ti in here and find: 

- -{r{x)r{y)w\x)) = -(--) + f _ i + ^ _ ^e-'^l'-^lV (8.158) 

2^ ^ ^ ^ mV 4/ wWV 4 8^2 8^2 J 

In the same way we find: 

- -{r(x)r(y)w\y)) = -(--] + ^—(- 1 + ^ _ ^e-'^l'-^lV (8.159) 
2^ ^ ^ ^^^^ m\ 4/ v^m^y 4 8^2 8^2 J 

In the next three averages products of four w^s occur. Because the w-path integral is 
Gaussian we can write this into a sum of products of averages of two w's: 

(w^(x))^ = 3(w^(x))^(w;^(x))^ 



3h^ 



;4 

{w'^{x)'u?{y))w = 2{w{x)w{y))w{w{x)w{y))u, + {w'^{x))w{w'^{y))w 

= H — -. (8.160) 

For our last three averages we get: 

1 ^^1 

{r{x)riy)w'^{x)) = {r{x)r{y)) 



l(r(x)r(y)^%)) = ^^M^yiy)) = 



hr{x)r{y)w'^{x)w^{y)) = A r{.x)r{y)) + {r{x)r{y)e ^"^^ ' 

= \ (re " ^) 

-e~^-^\--y\. (8.162) 



^2^2 77i2y2 

Finally we get for the <y9i-propagator: 



V 16 ^/2 4 ./2 16 



v'^m? V 16 4 1/2 

\ 2m\x-y\ _ _ y\^~t^\x-y\ + _ yle-'^l^-^'l ') . (8.163) 
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And again this matches the result we find in section [8.4.H specified to d = 1. (To calculate 
the standard integrals use appendix Rl again.) 



CHAPTER 8. PATH INTEGRALS IN POLAR VARIABLES 



Chapter 9 



The N = 2 LSM: The Path-Integral 
Approach II 

The action of the Euchdean N = 2 hnear sigma model is given by: 

S = Jd'x Q + I {VMx)f + £^ ivlix) + vlix) - v'Y^ . (9.1) 

In chapter [7] we aheady calculated the Green's functions of this model by naively calcu- 
lating Green's functions around each of the minima and then integrating over all minima. It 
was not at all clear that this was the correct thing to do, especially because in this approach 
one has to do perturbation theory around each of the minima. Each time we expand around 
one of these minima we pretend the ring of minima is actually an infinite line. So in this way 
we ignore the damping in the r72-direction (i.e. tangential direction), which is there because 
of the T^l-term. This damping effect is lost in perturbation theory because the exponential 
of r)2 is expanded and not all terms are kept. 

Also, by integrating over all minima we implicitly assume that the minima do not com- 
municate, which is not true at all. 

In this chapter we will calculate the same Green's functions via the path integral in 
polar field variables. These polar variables are the natural variables for a model with 0(2)- 
symmetry. The action in terms of polar field variables will not depend on the angular field 
w, but only on Vw. Therefore we have that: 

w = 0{1) 

Vw = 0{Vh) (9.2) 

The first relation merely states that all points on the ring of minima have an equal weight 
in the path integral. This means it is also incorrect to expand around w = 0, for which we 
would have to assume that w is small. This expansion is what we did in chapter [71 From 
the second relation we see that it is correct to expand in Vw, because Vw is small. 

Because the action in terms of polar fields does not depend on w there is also no need to 
expand around w = in the formalism in terms of polar fields. In this way we avoid doing 
perturbation theory in w, which was the big problem of chapter [71 

In this chapter also the effective potential of the N = 2 linear sigma model will be 
calculated via the path integral in terms of polar fields. 
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9.1 Green's Functions 

According to the conjecture from the previous chapter the path integral in terms of polar 
field variables for this model is given by 

{(pi{Xi) ■ ■ ■ (piix„,)(p2iyi) ■ ■ ■ V2{.yn)) = 

Vr I Ve exp ( --/ / (fx{-h\nr{x)) 



^(0) J-oo J-oo V ^' 

r{xi) cos{9{xi)) ■ ■ ■ r{xm) cos{9{xm)) ■ 
r{yi) sm{e{yi)) ■ ■■r{yn) sm{9{yn)) ■ 
exp(-ls{r,e)] , (9.3) 



h 

provided we perform the calculation in a d-dimensional way. Here Z{0) given by 
Z{0) = j Vr j ve exp(^-i/ j c/'^x (-ainr(x))^ exp |^-^S(r, 0)^ , 
and S{r, 6) given by 



(9.4) 



S{r, 9) = j d^x Q {Vr{x)f + K\x) {We{x)f + {r\x) - t;^)'^ . (9.5) 

Because we are dealing with a d-dimensional model divergences will arise and we must 
renormalize the fields, masses and coupling constants. First we rewrite the action in the 
form 

S{t, 9) = j d'x Q {VT{x)f + \r\x) {Ve{x)f - \p.r\x) + ^r^(x)^ , (9.6) 

where 

A = ^ , (9.7) 

as in the rest of this thesis. The fields, masses and coupling constants are renormalized in 
the same way as in chapter [6] and [3 

= (^ = 1,2) 



In terms of polar variables the field renormalization means: 

1 



= -^r , (9.9) 
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the ^-field is not renormalized. We also define a new angular field as 

w{x) = v^e{x) , (9.10) 

where 

Making these substitutions in the action fl9.ip we get (also defining 6z = Z — 1): 

ji^V'-")' + 5«.|^(v»)^-5^. + ^^4'-'')') . (9.12) 

From here on we shall suppress the /^-superscripts, understanding that we always work 
with renormalized fields, masses and coupling constants. 

Notice that the counter terms have nothing to do with the transformation to polar fields, 
both in a Cartesian and polar formulation we have the same counter terms. 

To do perturbation theory we expand around the minimum of the first line (i.e. the 
classical part) of the renormalized action: 

r{x) = V + ri{x) . (9.13) 

Remember that we also have to include the Feynman rules from the Jacobian. The 
procedure of renormalization does not change these rules. 

The Feynman rules (in momentum space) up to order h^^'^ are: 

n 

^2 _|_ ^2 



2 

nv 
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(9.14) 



Here we have defined fi = \rn? as in chapters [6] and [71 Also all indicated momenta flow into 
the vertex. The counter-term vertices have been indicated by a big dot in the vertex, the 
vertices from the Jacobian have been indicated by a small dot. 



9.1. GREEN'S FUNCTIONS 

9.1.1 77- And w-Green's-Functions 

Now we can compute all the rj- and ly-Green's-functions. 
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+ 




+ 



+ 



3h ^, . V 
/ 0,m + — 

2v 



>n\n 



1 

6 rn? 



>\\h 



(9.15) 




y2 (jp. _|_ rjj^'iy 



, , 1^' 

^(0,0) + - 



2\2 



2 [p^ + m'^Y 



+3- 



y2 (jjl _|_ 172^)2 
.2 



l{0,m) + - 



2 f2 (p2 + m^)" 



/(O, m,p, m) 



P 

[p^ + mP'Y 



6 



z\h 



2h 



{p^ + m?)'' 



(9.16) 




^ /(0,0) + - % J(0,m) 



^2 (^p2^2 
/l^ (p2 + 772^)2 



(p2)S 



(p2)^ 



1(0,0, p,m) 



.1^1 ^ ^ 1 ^ , Ihv^ I ^ . 
'1^—^ oz\h — 2 — -— On\n + - — iT—^ o\\ri 



(9.17) 
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+ 



+ 



+ 



+ 




+ 



+ 



+ 



+ 




+ 




+ 



+ 




+ 



in 

i V 



Doom + t: 



2 



2 



2 v'^ 

BmOO 



/(0,0)/(0,m,0,m) 
27 h^m^ 



' 4 

/(O, m)/(0, m, 0, m) /(O, m)^ 



4 



3 n 



1 /if 



+ -- /(0,m) 5zU + /(0,m) - -— /(0,m) 5aU 

3 /im^ 

/(O, m, 0,m) Sz\h + 3- /(O, m, 0, m) 

2 f f 



2 24 6 6 



(9.18) 



{fiip)w{qi)w{q2))c\n^ = <:;^ 

= 2-^^ligi-g2 (27r)^5'^(p + gi + g2) (9.19) 
V + qf q2 
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9.1.2 The (/^-Green's-Functions 
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The path integral for the (/9i-vacuum-expectation value is given by: 



Vr j Vw exp 1^-^/ j d'^x {-h\nr{x))^ 



r(x) cos(ti'(x)/f ) exp ( — — ^(r, w) ) , (9.20) 



where 5* is given by fl9.12p . This action only depends on Vif, which reflects the 0(2)- 
invariance of the N = 2 linear sigma model. This means that if we shift all w-fields (i.e. the 
w-fields at all space-time points) by the same amount the action does not change. Also the 
path-integral measure does not change. So we can show: 



(r(x) cos{w{x)/v)) = {r{x) cos{w{x)/v + tt)) = — (r(x) cos{w{x)/v)) , (9-21) 



such that 



(V^i(x)) = . (9.22) 



For the same reason we have that 



(<^2(x)) = . (9.23) 



Notice that we have been able to show this through a non-perturbative argument. This is 
the great merit of a calculation via the path integral in terms of polar fields. 
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The (fii- and </72-propagator can be calculated in a similar way: 
((^i(0)(^i(x)) = ^/ / Vw e^p(^~I J d''x{-hlnr{x))y 

r{0)r{x) cos{w{0)/v) cos{w{x)/v) 



exp ( ——S{r, w] 



}^ j Vr j Vw exp^-^J j d'^x {-h\a.r{x))^ r(0)r(x) 



1 / wfO) — wix) 



1 fw(0)+w(x] 
cos ' 



2 



exp ( ——S{r, w] 



' w{Q) — w{x 



r(0)r(x) cos 
exp ^——S{r, w) 

1 / / X / X fw(0) -W(x] 

= - (r{0)r{x) cos ( ^ ^ ^ — ^ 
(^2(0)¥^2(x)) = (^i(0)(^i(x)) 

(^i(0)(^2(2:)) = (9.24) 

Here we could discard the cosine of the sum w{0) + w{x) because this cosine is not invariant 
under a global shift of the w-field, i.e. this cosine is not 0(2)-invariant. 

The cosine of the difference of two w-fields can now be expanded, because a difference 
of two w's can always be written as an integral over Ww, which is small. (Remember 

Vw = o{Vh).) 

Then the rj- and w-Green's-functions we have calculated in the previous section can be 
used to find: 

(^i(OM(x)) = ^v'-l{w') + l{w{0)w{x)) + ^^{w') + ^^{w\0^^^^ 

^ :{w^{0)w{x)) - -^{w{0)w^{x))+v{rj) - -^(W) + 



-l.{n{0)w\x)) - l-{n{x)w\0)) + ^{rj{0)w{0)w{x)) + 
^{r]{x)w{0)w{x)) + ^{v{0)7]{x)) - ^{7]{0)7]{x)w\0)) + 
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-^{v{OMx)w\x)) + ^{r^{(})^{x)w{0)w{x)) + O {h') 
1 2 

-hi J(0, 0) + hi Ao(x) - h /(O, m) + ^/i 

1 ^ 
H — ^ On\h — t: — ^ ox\n 



m? ^ 6 

/(O, 0)/(0, 0, 0, 0) - /(O, m)/(0, 0, 0, 0) 



2 /(0,0)/(0,m,0,m)--^/(0,m)/(0,m,0,m) 
l/iW 3/i^m2 l/i^m^ S/i^m^ 

+ 7: 5 — -Doom + 77 o — ^mmm — TT ^ — -DOOm ~ T ;5 — -DmOO 

2 f"' 2 t;^ 2 t;"^ 4 

27;i^m^ ^ 



4 t;^ 

1 /i^m^ . „ , . 1 /i^m^ 



/(O, 0)Coo(a;) + /(O, m)Coo(a;) 



2 v","y^u.v^, 2 

+-^^ / 0,0 Cnm X + / 0,m C™„, X 
2 t>^ 2 t>"^ 

1 /i^m^ „ , , 1 h'^m^ „ , , 9 fi^m^ 



+ - 5— -BoOm(3;) + BmOo{x) + — Bmmm{x) 

113 1 

/(O, 0) 5zk - 2^ ^o(a;) 5zU + 2^ ^(0' '^^U - 2^ ^"^(^) '^^U 

3 

— Urr? /(O, m, 0, m) (J^l^i + "ill /(O, m, 0, m) 

18 3 bm^ 

+0 {h^) (9.25) 



If we compare this result to the result for the (pi- and <^2-propagator (17.131) . obtained in 
chapter [TJ we find that both results agree. So, although it was far from obvious that the 
simple calculation done in chapter[7]was correct, the result agrees with the proper calculation 
done in this chapter. 



9.1.3 Schwinger-Dyson Check 

We can check the result (19.251) by substituting it in the Schwinger-Dyson equations of the = 
2 linear sigma model. This check is most conveniently done on the level of the unrenormalized 
action. 
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The Schwinger-Dyson equations for the propagator can be derived through the Schwinger- 
Symanzik equations: 



dS 



- Ji(x) 



; — r\,„ —ti 9 — J2\X) 



Z{Jl,J2) = 

Z{JuJ2) = 



(9.26) 



Substituting the unrenormahzed action of our N = 2 hnear sigma model, operating on both 
sides of the first Schwinger-Symanzik equation with and finally putting all sources to 

zero we find the Schwinger-Dyson equation for the propagator: 



+ Im' ] MO)Mx)) - 5(^i(0)v^?(x)) - = -M\x) (9.27) 



Now we will check the result (19.251) . First we have to know the 4-points Green's functions 
however (not including counter terms). 



(^i(0)^?(a;)) + {^,{Q)^,{x)^l{x)) = 

((t> + 7^(0)) (f + 77(2;))^ cosw(0)/t' cosw{x)/v) = 

^{{v + ri{0)){v + r]{x)f cos((w;(0) -w{x))/v)) = 

1 11 3 3 

-f^ + 2v^{r]) v^{w^) + -v^{w{0)w{x)) + -f^(?7^) + -v'^{r]{0)r]{x)) + 

2 2 2 2 2 

13 3 3 

-v{rf) + -^v{r]{0)r]'^{x)) — -v{r]{x)w'^{0)) + -v{r](x)w(0)w{x)) — v{r]w'^) + 
^t;(r/(0)^(0)u;(x)) - ^-^vl,mw\x)) + ^(u;^) - l(u;3(0)^(x)) + 
U:w\^)w\x)) - l(w;(0)^i;3(a;)) _ '^-Ari\x)w'm + yi]\x)w{S))w{x)) 

- ^(r7(0)r7(x)w;'(0)) + ^(r/(0)r/(x)w;(0)w;(x)) - h,^{^)^[x)w'[x)) + 
+ OiTi'') (9.28) 
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Substituting the results from section 19.1.11 gives: 
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-hv^ /(0,m) + hv^ AUx) - hv^ /(0,0) + hv^ Ao{x) 

-n^ J(0, m)Ao(x) - 3^^ J(0, m)Am{x) + /(O, O)Ao(x) - J(0, 0)A„(x) 

9 9 1 

/(0,m)C„„(a;) - -/iW /(O, m)/(0, m, 0, m) + -/i^m^ /(O, m)Coo(a;) 

-^/iW /(O, 0)/(0, m, 0, m) + ^/iW /(O, 0)/(0, 0, 0, 0) 

-hi^m^ /(O, m)/(0, 0, 0, 0) - hiV J(0, O)Coo(x) + hi^m^ /(O, O)C^^(x) 

-^h'^m'^ Boom - fi^rn^ Doom{x) + ^h^m^ Boom{x) - ^h^m^ Dmoo{x) 

3 27 9 

+ -h'^m'^ B„mix) + —h'^m^ Bmmm{x) - -fi^w? Dmmmix) (9.29) 



Now, substituting this and the propagator (I9.25P with all the counter terms set to zero 
in the Schwinger-Dyson equation (19.271) we find that the equation is satisfied. 



9.1.4 The Canonical (yi^i-Propagator 

From our path integral in terms of polar field variables we can also recover the (/Ji-propagator 
one would find in the canonical approach. To this end we have to ignore the fact that 



cos ( ^^^M±^ n = . (9.30) 



Instead we have to expand both cosines around w = 0, although this is actually incorrect 
in the path-integral approach. Expanding the cosines around w = here corresponds to 
doing perturbation theory around one minimum, where we also ignore the damping in the 
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?72-direction and replace the ring by an infinite line. In this case we obtain: 

V Av 
--,{vi0Mx)){w') + O{h') 



(a;) + 3—— /(0,m )Cmm{x) + — - BmOo{x) 

yZ yZ 2 

2 

-h Am{x) 6z\h + hm^ Cmm{x) 6z\h - 2h Cmm{x) 6f,\n 

+0 {h^) (9.31) 

This propagator agrees with the 771-propagator we found in the canonical approach (16.101) . 

In this v^i-propagator we can substitute the counter terms (16.241) that we found in chapter 
ini Then this result will satisfy the renormalization conditions from chapter [6l 

Also this propagator can be substituted in the Schwinger- Dyson equation, together with 
the result for {ipi{0)ipl{x)) + {ipi{0)(pi{x)ip2{x)) in this approach, where we expand around 
w = 0. These results also satisfy the Schwinger- Dyson equation. This demonstrates that 
both the canonical and path-integral approach give proper solutions to the Schwinger-Dyson 
equations of the N = 2 linear sigma model. 

Now we can also clearly see the difference between results from the canonical and path- 
integral approach. (Compare (19.311) to (I9.25p .) 



9.2 1-Dimensional Calculation 

In this section we shall calculate {r{x)) and the (/^i-propagator for the 1-dimensional N = 2 
linear sigma model using the 1-dimensional path integral in terms of polar fields (I8.106p . In 
section [8171 we already used this formula to compute some Green's functions for the arctangent 
toy model. We saw there that to compute Green's functions we first have to know Z^(0) 
and we calculated Zw{0) for the case of the arctangent toy model. From this result we can 
easily get Zy^{0) for the N = 2 linear sigma model. By looking at the definition of Z^{0) 
we see that we can get Z^i^O) for the sigma model by putting m = in the Z^^O) for the 
arctangent toy model. So we find the simple result: 

iV-l 
i=0 « 

In this strictly 1-dimensional calculation we shall not renormalize. 
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9.2.1 {r{x)) 

For {r{x)) we thus find: 



Z{0) 

[-n^ L [2^^ 8^ + 4^(^^ -V) ) r,. (9.33) 



i=0 



This is a normal one-dimensional path integral that we can calculate in the continuum. The 
minimum of the action is at r^, where is defined by: 



, / 2 2 



+ §K-^>^ = 0. (9.34) 

m 

We can calculate up to a certain order in ^. We want our final answer of the expectation 
value of r{x) up to order h'^. Then we should also know rm up to this order. This is readily 
calculated: 

rm = v--^h^ + Oih'). (9.35) 

Now we use the saddle-point method and expand the action in fl9.33p around r = r^: 

r{x) = Vm + ri{x). (9.36) 

In the action we can discard terms of order h"^ or higher. In the continuum limit the action 
becomes: 

S{V) = jdx (i(V)^ + l^r^' + ^V' + £,v'-^,+ 0{n^)^ . (9.37) 

Notice that the term of order /i^^ i^'^v) exactly drops out of the action. 
Finally we get for {r{x)): 

(r(x)) =v-^^ + (r^(x)) + 0{h') (9.38) 

The last term gives the following contributions (We define again /i = |m^.): 




00 - 



27 

32 v^m'^ 
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(9.39) 



8 v^m"^ 

Summing everything we get for (r(x)): 

(r(x)) =v--—- + 0{h') . (9.40) 

Does this agree with the d-dimensional continuum calculation? In this d-dimensional 
calculation (r(x)) is given by: 

{r{x)) = v+ {r]{x)) . (9.41) 

We have computed the (i-dimensional result for {rjlx)) in section 19.1.11 To compare we 
first have to set all counter terms in the (i-dimensional result from section 19.1.11 to zero, 
because we did not renormalize in the 1-dimensional case. Also we have to realize that the 
(i-dimensional result contains infrared divergent loop integrals. These infrared divergences 
have to be regularized. The most straightforward way to regularize them is to introduce a 
mass 6 for the ly-field. However then we would have to do the computation of (rj) in section 
19.1.11 all over again. In (rj) from section [9.1.11 all terms of order e are absent, we need those 
terms now. For example a term 

el{0,e) (9.42) 

will give a finite contribution in ci = 1, it gives 1/2 plus terms of order e. 

A more convenient way to regularize the infrared divergences is to use dimensional reg- 
ularization. In this scheme we have, for d = 1: 



1(0,0) = 

-Doom = 



2m4 

B^oo = ^ (9-43) 



Substituting these results and the results for the other standard integrals for ci = 1 (see 
appendix lAl) in (77) from section [9.1.11 we find indeed the same result as (19.401) . 



9.2. 1-DIMENSIONAL CALCULATION 



165 



The results of the standard integrals above can be found conveniently by the Mellin- 
Barnes technique. This technique is studied extensively in the literature, see the book by 
Smirnov [36] and articles by BoUini et al. [37], Smirnov [38], Tausk [3"9], Czakon [10| and 
Anastasiou et al. [41\ . 



9.2.2 The (/?i-Propagator 

Now we wish to calculate the (/9i-propagator. For this we need to know (coswj^ coswjj)^. 
We shall use the following formula: 

coswj-^ cosWj2 = -[cos{wj^ — Wj^) + cos{wj^ + Wj^)). (9.44) 

Now when we take the average over w the last term will give zero since it is not invariant 
under a global shift of the w's. We get: 

{cos Wj-^ cos Wj2)w = 2 '^'^'^^'-^■^'i ~ ^■?2''^'" 



oo 

{-ir{{w,,-w,,rU. (9.45) 

I Alt. I ! 

n=0 



^ 1 f 1^n/^„,, „„ ^2n 

2±::^(2r^)! 



We should calculate the quantities {{wj-^ — Wj^Y"')^- Now, as can easily be seen from the 
path integral the variables Wj+i —Wi have a Gaussian distribution. So the variables Wj-^ —Wj^, 
which are sums of these variables, also have a Gaussian distribution. So we can use the Wick 
expansion for the averages {{wj-^ — Wj^)'^^)^: 



w 



2'^-i(n- 1)! 



{{^n-^nY)l- (9-46) 



Now we know {{wj^ — Wj^)'^)^- 



J2-1 

k=ji l=ji 

i2-ii2-i ^ 

k=ji l=ji 
32 



k=ji+l 
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Here the prime denotes the discrete derivative again, as defined in fl8.128p . Now we finally 
get: 



{cos Wj^ COS Wjj), 



k 



2 " \ ^ 2r 

fc=ji+i 

Now the complete propagator becomes: 

11/"°° 



2^(2n)!^ ^ 2"-i(ri-l)! \ ^ rj 

n=0 ^ ^ ^ ^ \k=ji+l k J 

2^n! I 2 ^ rl 

n=0 \ fc=ji+l / 

o^^pI- E ^ • (9-48) 



eXD I --A V ( _ ^ + _ 2^2 



exp 



E ^ ) • (9-49) 



We expand again around r = r^. Also the last exponent in (19.491) should be expanded: 



^^p - E ^ = e^p - E 



exp 



+ (^2,,.- >...). ,9.50) 

\ j=ji+l mm J 



Remember that we only wish to calculate everything up to order V? ^ so the terms which are 
indicated by the dots in (I9.50p are unimportant to us. For the v?i-propagator we get: 

((/?i(xi)y?i(x2)) = 
2 

/ T^r] (r„ + r7(xi))(r^ + ^{x^y) (^1 + | ^^l d^x[jrJ]{A - T^^^l^))) ^'^^ 
+0{n^) (9.51) 
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with 



S = I dx( ^-iv'{x)r + + ^{x) + ^r^^(x) - 1^ ) ■ (9.52) 



The fraction in this expression can be computed in the ordinary way by using Feynman 
diagrams. In all rm's occurring in fl9.5ip there are Ws. We should also expand all of these 
around /i = 0. 



We will not expand the exponential on the right-hand side around ^ = but leave it as an 
overall factor. If we would expand this exponential as well it would no longer be directly 
apparent that the propagator goes to zero if the distance between xi and X2 becomes large. 
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All the rest we will expand up to order fi^. 



/v.^ _l_ r / rl-T — — - U 



■ 5 



- + 



J Vr] e r' 

+ 0{h-^) (9.54) 



is 



f Vr] e n 



XI 



\ 2m 2m J 

^2 I ^ ^^_^-m\xi-X2\ _j_ ^-2m\xi-X2\ _j_ 

\ Sm^v"^ 2m2f2 8m^f^ 

^ 'a;i-X2|e-'"l"^-"^l --^|xi-X2|V^(^') (9-55) 



4mf^ 2mf2 
Finally we get for the complete (/9i-propagator: 



/ _ 9 1 ^-m|xi-Z2| _|_ ^-2m|xi-a:2| _|_ 

^ \xi - X2|e-'"l"i-"2l - 7r^|a;i - X2|^ + 0{h^) 



Amv'^ 2mv'^ 



(9.56) 
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Does this result agree with the (i-dimensional continuum calculation? It does, however 
first we have to expand the exponential 

H 



2.2-1^1-^21 ^ 



(9.57) 



because the ci-dimensional result fl9.25p is a perturbative series in h, whereas the exponential 
above is not. Secondly we have to set all counter terms in (19.251) to zero. Thirdly we have 
to realize that (I9.25P contains infrared divergences. These are most conveniently regularized 
again in the dimensional regularization scheme. In this scheme we have: 



7(0,0) = 

2 



Aq(x) = -hx\ 



7(0,0,0,0) = 

-Doom '■ 



OOm 



2m4 

1 

6 



m 

BmOO = — ^ 

Cooix) = Y^kl^ 
Boom{x) = {-m^\xf - 6m|x|e-'"l^l - 24e-'"l^l - 18m|x|) 

Bmooix) = {2m^\x\' + 8) (9.58) 

These integrals can again easily be calculated with the Mellin-Barnes technique. Substituting 
these results in (I9.25P gives indeed the result (19.560 . 

There is a difference between (19.560 and (I9.25P however. In (I9.56P we see that the propa- 
gator goes to zero for large |a;i — X2I. Only when we expand the exponential that causes this 
behavior we recover the result (I9.25P we get from the (i-dimensional continuum calculation 
specified to d = 1. How do we recover the exponential from the d-dimensional continuum 
calculation? 



9.2.3 Recovering ( l936| ) 

To recover the 1-dimensional result ( 19.560 completely from the (i-dimensional continuum 
result (19.250 we actually also need (parts of) higher order terms in (19.250 . It will appear 
that the momentum-space version of (19.250 has terms like: 

etc. , 9.59 

pZ p4 pD 

when these higher order terms are included. (Here we have calculated in the dimensional 
regularization scheme.) For d = 1 these terms are exactly what we get when transforming 
the exponential 
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to momentum space (in the dimensional regularization scheme). In this way we can in 
principle recover the result f l9.56p from the rf- dimensional result fl9.25p . although in practice 
we can never compute the terms of arbitrarily high order. 

Considering the one-dimensional result, and knowing that we have to re- sum part of it to 
obtain the true propagator, which drops to zero nicely for large distances, a good question 
would be: Should we also re-sum in d dimensions? If this were the case, then our result 
f l9.25p would still be incomplete, in the sense that we also need higher order terms to see the 
true physics. Fortunately this is not the case. The reason is as follows. 

In one dimension the terms (19.590 all come from the ?/'2-propagator. (Here we mean 
the '02-propagator from chapter [71) These terms generate a mass for the V'2-particle. In 
configuration space this is mirrored by the exponential (19.601) . from which we can read off a 
mass 

2I ■ 

Now the Goldstone theorem tells us that if we have spontaneous symmetry breaking, the 
Goldstone boson is massless, and stays massless at all orders in perturbation theory. In our 
case ijj2 is the Goldstone boson in the canonical approach. For c? = 1 we do not have SSB 
(see [311 E2]), so the Goldstone theorem does not forbid that a mass is generated for the 
'?/'2-particle. In fact, we have seen that a mass is generated. For d > 2 we do have SSB in 
the canonical approach, and the Goldstone theorem forbids that a mass is generated. As a 
consequence the terms 

^,\,etc. (9.62) 

do not occur in the V'2-propagator. And thus there is nothing to re-sum, and the result 
fl9.25p can be considered complete in the sense that higher order terms will not cause the 
propagator to drop to zero for large distances. This means we are not missing any important 
physics by only having the (fi- and v92-propagator up to order h'^. 
The case (i = 2 is a special case, see also 



9.3 The Effective Potential 



We can also calculate the effective potential via the path integral in terms of polar fields. To 
this end we introduce source terms in the renormalized action: 

S = j d^x Q (V<^i)' + i (V<^2)' - {vl + <^2) + ^ {vl + Jm - J2V2 + 

{V^if + \6z (V^2)' - {^\ + + I {vl + ^2)' ) • (9.63) 

In chapter[71we already computed the effective potential for the N = 2 linear sigma model. 
However there we had to discard the term fl7.24p to avoid ending up with an expression that 
contained infrared divergences at order h. Also we could not find the interpolation of the 
effective potential between small J (order h) and J of order 1 (h^). In this section we shall 
see if we can do a better job by calculating in terms of polar fields. 
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According to the conjecture the action in terms of polar fields is 



S ^ d'^x { - ( Vr) + - ^ CVw) - -lir^ + —r^ - Jir cos J2 sm - + 

J \2 2v^ 2 24 V V 

\8z {V^if + \5z {Vip^f - + |r^) , (9.64) 



provided we calculate in a d-dimensional way in the continuum. 
Introducing 



Ji = J cos /? 

J2 = J sin/? (9.65) 



'2y / 7r\ 

r = sin I a + — J , w = v/3 , (9.66) 



the minimum of the first line of the action, i.e. the classical action, is given by: 
with 

^^sinSa^J. (9.67) 
Sv 3 

Expanding the action around the minimum, 

r{x) = v + r]{x), v = ^sm(^a + ^^ 

w{x) = vp + w, (9.68) 



we find: 



2 



,2 



2' " V 2" 2 J ' 2v 

V 2,11 2 /V7 -\2 , /^^ 3 , 



V 



2 v"^ v'^ Av"^ 

Jv COS h Jr? 1 — cos — H + 

v V V J 2 4 



z 2 V 2 V 



Ir 2 



(9.69) 

According to the conjecture the generating functional is now given by: 

Z(Ji, J2) ^ Jvr) Jvw exp J d'^x {-h\n{v + r)))^ e^s^ (9.70) 
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As can easily be seen from the action we have one minimum for J 7^ 0, whereas we have a 
ring of minima for J = 0. This means that for J of order 1 it is correct to expand the cosine 
of w/v. In that case we recover the effective potential from the canonical approach. This is 
expected because for large J it is correct to take into account only one minimum. For small 
J, i.e. J of order h things are a bit more difficult. For such small J there is strictly speaking 
still one minimum, but the ring is so flat that it is incorrect to ignore the other points. We 
know this because when J becomes really zero the other points in the ring start to play an 
important role. What we can do is the following. We write the generating functional as: 



Z(Ji, J2) = Jvt] Jvw exp j d'^x{-hln{v + r))) 

exp Q J d'^x J{v + r)) cos e~^^' (9.71) 

with S' given by: 

s' = /A(i(v,f^(-i.4^^),^45(v.)^ + 

^T) (Vw)' + l\r]^ (Vw)' + ^r]^ + -/^r/' + 



1 n I HV'^ 

Jt] - -nv + -— + 

2 4 



bz (Vvf + Uz% {Vwf + 5z^,v (Vw)' + l-6z\v' (Vw)' + 
z 2 V V 2 V 

1 r 2 '^^ ^ 



(9.72) 



Note that in the new action S' only Vw occurs. Now focus on the part that we pulled out 
of the action: 

f ^ f T /- /NX w(x)\ 
exp I ^ / " 3; J [v + r][x)) cos — — j 

f jd J / \ w{x)\ 

— exp — / d X Jrix) cos I 

\hj V ) 

^J2^^ f d^x^ ■ ■ ■ d^Xn r (xi) • • • T{xn) cos • • • cos (9.73) 

We are going to combine the cosines into a sum of single cosines. Because the action S' only 
depends on Vw only the 0(2)-invariant cosines are going to survive in the path integral. 
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This means, when combining the cosines, all cosines with an unequal number of +w's and 
— w's are going to vanish under the path integral. 



ill 



exp — / d X J {v + r]{x)) cos ■ 



V 



V 



El J^" f . , , . . , w(xi) 'W(x2n) 
(2n)\ / " ^1 ■ ■ ■ " ^2n r{Xi) ■ ■ ■ r{X2n) COS COS 

n=0 ^ ' 

COS ^ {w{xx) + w(a;2) + • • • + w(a;n) - w{xn^\) - w{xn+2) - ... - wix^n)) 

COS - {w{xi) + 1(;(X2) + . . . + tt;(Xn) - w{Xn+l) - w{Xn+2) "... - w{x2n)) 
V 

(9.74) 

Now we can expand the cosine, because it contains only differences of two w's. Such 
differences can be written as an integral over Vty. Prom the path integral it can be seen that 
Vw is small (of order v^), such that it is indeed correct to expand the cosine. Keeping the 
first and second term from the expansion of the cosine we find: 



exp ( ^ / d X J [v + rj{x)) cos 1 

oo ^ / J \ 2n / p \ 2n 



n=0 

- ^ E / ^'^1 ■ ■ ■ ^'^2n r{x,) ■ ■ ■ r{x2n) " 

1 _ _ _ _ r 

{w{xi) + . . . + w{Xn) - w{Xn+l) - ... - w{x2n)y 



y2 



OO , / J \2n / n \ 2n 

1 °° 1 f J \ ^'' f 
~ 2 E (^^ J j ^'^'1 ■ ■ ■ r(a;i) ■ ■ ■ r{x2n) 



1 _ _ 2 

n (w(xi) — w{x2)) 



y2 



^ I, (^1 1 d'x r{x)^ + 

J J d'^x J d'^y r{x)r{y) {w{x) - w{y)f f J [ g , . 

W Jd<^xr{x) hy^jaxr[x)] (y./5j 

Here /„(x') is a modified Bessel function of the first kind. 
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We can see clearly here that, if J is of order 1, the first and second term are of the 
same magnitude (both order 1). This means that when J is of order 1 wc need all terms of 
the expansion of the cosine. This mirrors the fact that for J of order 1 there is one clear 
minimum and the cosine plays a crucial role in determining where this minimum is located. 
Keeping all the terms of the expansion of the cosine is very hard in an actual computation, 
so the formula above is not very convenient to find the generating functional for J of order 
1. 

It is convenient for J of order h however, in this case we sec that the first term above is 
of order 1, while the second term is of order h. This means discarding the higher order term 
seems to be a good approximation. Discarding these terms means the generating functional 
is correct up to order h. Also discarding other terms of higher order than h we find for the 
generating functional: 



Z{Jl,J2) = 



jvr] Jvw exp ^-^/ J d'^x {-h\n{v + r)))^ e'^^' 
^ I d'x {v + rj{x))^ + 

J J d'^x J d'^y {v + ri{x)){v + r]{y)) {id{x) — w{y))'^ 



J d'^x {v + r]{x)) 



h J d'^x {v + ri{x)) 



Vf] I Vw exp ( ~I I d'^x{-hlia{v + 7])) ) e 



JvQ 



+ 



[JvVl\ J 



r]{x)r]{y) 



(9.76) 



Here we have also expanded 

v^v + £ + 0{h^) , (9.77) 

Zi Li 

and Q denotes the space-time volume. Also in the action S' terms of higher order than 
should be discarded. (There is a l/Ti in front of the action.) In the Jacobian we should 
discard all terms of order higher than h. 

From the formula above one could in principle calculate the generating functional, and 
from it the ipi- and (^2-expectation- value, all up to order fi. The expectation values are given 
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by: 

h d 
= — cos/3— lnZ(Ji, J2) 

{^,)iJ„J,) = |AinZ(Ji,J2) 

= ^sin/3^1nZ(Ji, J2) (9.78) 

Notice that the generating functional does not depend on the direction of the source /?. From 
these expectation values one can then find the effective potential. 

However, when calculating the generating functional one encounters infrared divergences 
again. The reason is the same as in chapter [71 The formula above is only valid for small 
J, whereas we saw already in the canonical approach that to avoid the infrared singularities 
we need all n-points Green's functions. So we also need to know Z{Ji, J2) for all J, which 
is very hard, as we saw above. In chapter [7] we could find a result (up to order h) without 
infrared divergences by discarding the term (17.241) . which caused the infrared divergences at 
order h. In the formula above it is not clear what we can do to avoid the infrared divergences. 

It is however easy to find the ipi- and (y92-expectation-values at lowest order from the 
formula for Z above. We find: 



((y9i)(Jl, J2) = VCOSP 



(^2)(Ji,J2) = vsinfi^}^, (9.79) 

and 

^0 [—) 

which agrees with the results from chapter [71 

The important thing however, even though we have not been able to explicitly calculate 
the effective potential up to order h in this approach, or find the interpolating form of the 
effective potential between the cases J = 0{1) and J = 0{h), is that the effective potential 
we find is flat at the origin. This means we find the Maxwell construction of the effective 
potential from the canonical approach. And we find a convex effective potential, as it should 
be in the path-integral approach. 

From the formula fl9.80p one can also clearly see that it matters for the 1-point Green's 
function, or tadpole, in which order the limits J ^ and Q 00 are taken. If we first take 
J ^ 0, and then Q — > 00, then fl9.80p becomes zero. This corresponds to the path-integral 
approach. 

If we first take Q 00, and only then J ^ 0, then (19.801) becomes v, which corresponds 
to the canonical approach. 
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Chapter 10 
Conclusions 



The most fundamental theory of nature known at present day is the 'Standard Model'. This 
theory agrees very well with experimental results. All particles that are predicted in the 
Standard Model have also been detected in experiments, except for one: the Higgs boson. 
The existence of this Higgs boson in the Standard Model is derived within this model via 
what we call 'the canonical approach'. 

In the canonical approach one takes a classical field theory and quantizes it by imposing 
certain commutation or anti-commutation relations on the fields. The particle content of 
the theory is found by solving the time independent Schrodinger equation. One can find 
the vacuum state, i.e. the lowest energy state, via this equation, and one can build a whole 
Fock space on this vacuum state. The time evolution of the states is governed by the time 
evolution operator. Via this time evolution operator one can derive the Schwinger-Dyson 
equations. These equations tell one about the probability amplitudes for certain physical 
processes. 

In the Higgs sector of the Standard Model the time independent Schrodinger equation is 
too hard to actually solve. Therefore one postulates some properties of the vacuum state, 
inspired by the classical lowest energy state. For example, one assumes that the vacuum 
expectation value of the Higgs field is non-zero, after which one can construct the Fock space. 
This assumption is also very important when solving the Schwinger-Dyson equations. These 
Schwinger-Dyson equations can be solved iteratively. In this way one obtains a perturbative 
series for the Green's functions of the theory. Assuming that the vacuum expectation value 
of the Higgs field is non-zero one finds the Green's functions of the canonical approach. This 
canonical approach is completely self-consistent. 

Another formulation of quantum field theory is the so-called path-integral formulation. 
The path integral is merely a solution to the Schwinger-Dyson equations, like the perturbative 
series mentioned above. For ordinary theories the path-integral formulation is just another 
formulation of the theory, it gives the same physical results. The Green's functions in both 
formulations come out to be the same. 

However, in theories for which the canonical approach predicts spontaneous symmetry 
breaking, it appears that both formulations of the same quantum field theory do not yield 
identical results. This was the central topic of this thesis. We have calculated Green's 
functions for two such theories, for which the canonical approach predicts SSB. Surprisingly 
it appeared that, indeed, the path-integral approach gives very different Green's functions 
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CHAPTER 10. CONCLUSIONS 



than the canonical approach. 

For example, the effective potential in the canonical approach is not convex, although 
one can derive, via the path-integral formulation that an effective potential should always 
be convex. This is known as the convexity problem. However, it is not really a problem, 
because the convexity is derived in the path-integral formulation of the theory. If we accept 
that the canonical approach and the path-integral approach are different, then the problem 
is resolved. 

The first model we have studied is the Euclidean version of the N = 1 linear sigma 
model. There we clearly saw that the Green's functions from the canonical approach and 
the path-integral approach are different. The canonical Green's functions can be obtained 
from the path integral by, for some reason, only taking into account one minimum. We also 
saw that the divergences in both approaches are identical, meaning that one can use the 
same counter terms in both approaches to make everything finite. We also calculated the 
effective potential in the path-integral approach and found it to be well-defined and convex, 
as it should be on grounds of general arguments. 

We also studied the path-integral approach to this model where we now fix the paths 
in the path integral at some point in time over all of space. In this case we saw that we 
reproduce the canonical Green's functions. Thus it is possible to get the physics from the 
canonical approach from a path-integral approach, however in order to obtain this we have 
to fix the paths. Also in this case the divergences are the same as in the canonical approach. 
We also found the (alternative) effective potential, and found it to be convex. 

The second model that we studied was the N = 2 Euclidean linear sigma model. Here we 
saw again that the Green's functions obtained in the canonical and path-integral approach 
are very different. Divergences are identical in both approaches again. In chapter [7] we first 
tried a naive approach, making some questionable steps, to take into account all minima of 
the path integral. In chapter [9] we performed a more rigorous calculation of the path integral, 
based on the path integral in terms of polar fields. Results appeared to be the same. Also 
we obtained the effective potential of the N = 2 LSM within the path-integral approach and 
found it to be convex. 

With all these calculations we have established that, in the case of a theory which exhibits 
SSB in the canonical approach, the path-integral approach gives different Green's functions, 
which may indicate different physics. This brings up some interesting questions related 
to the Higgs sector of the Standard Model. The prediction of the Higgs particle and its 
interaction are all based on the canonical approach. What if we treat the Higgs sector of the 
Standard Model not in the canonical way, but instead via the path integral? What would the 
phenomenology of such an approach be? Could we build a theory without a Higgs particle 
in this way, or could we explain why the Higgs particle has not been found up to now? 
The first step to answer these questions would be to look at the phenomenology of the 
= 1 LSM and the N = 2 LSM. This is still unknown territory, which marks the end of this 
thesis, but hopefully also the beginning of a new quest to resolve the mysteries surrounding 
'the holy grail of particle physics'. 
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Standard Integrals 



Throughout this thesis we have introduced the following standard integrals: 
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In this appendix we list several results for standard integrals, which are used in our 
computations throughout this thesis. 



A.I d=l 

For d = 1 the standard integrals that we come across in calculations are not divergent. 
Therefore it is not necessary to introduce a regularization scheme. The following results are 
used in this thesis: 
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For d = A some of the standard integrals that we encounter are divergent, and we have 
to introduce a regularization scheme. We will calculate these integrals in the dimensional 
regularization scheme. The following results are used in this thesis: 
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Summary 



A quantum field theory, like the Standard Model, can be set up in two ways. The first, and 
mostly used, way is by canonical quantization. This means one takes a classical field theory 
and imposes commutation or anti-commutation relations on the canonical fields and their 
conjugated momenta. In this way one can eventually find the Feynman rules of the theory 
and calculate probabilities for scattering processes. 

The second way to set up a quantum field theory is by postulating a path integral. In 
this case the path integral determines the Green's functions, which give the probabilities for 
actual (physical) scattering processes again. 

In principle both ways of setting up the QFT give identical results. So both ways 
are merely different formalisms: similarly, quantum mechanics can be formulated via the 
Schrodinger equation and via the Feynman path integral. 

For some theories however, the canonical approach and the path-integral approach do 
not yield identical results. This is the case for theories that exhibit spontaneous symmetry 
breaking in the canonical approach. In these models, although both approaches satisfy the 
same fundamental Schwinger- Dyson equations, results are different. This difference has been 
the main topic of this thesis, and has been investigated for two models: the Euclidean = 1 
linear sigma model and the Euclidean N = 2 linear sigma model. 

A manifestation of the difference between the canonical and path-integral approach can 
also be found in the literature. For some theories exhibiting spontaneous symmetry breaking 
it was known that the effective potential calculated in the canonical approach is non-convex, 
whereas from the path integral one can prove that such an effective potential is always 
convej0. This contradiction is known as the convexity problem. A soon as one realizes that 
the canonical and path-integral results do not have to be the same this convexity problem 
is resolved. 

The convexity problem is discussed thoroughly, and also resolved, in the literature. How- 
ever a clear discussion of the difference between the canonical and path-integral formalism 
does not exist. It is not clear whether the different results from both approaches also indicate 
different physics, i.e. different probabilities for actual scattering processes. 

In this thesis we have investigated both approaches for the case of two simple Euclidean 
quantum field theories. In the case of the A^ = 1 linear sigma model we have presented the 
canonical approach (chapter [3]) and the path- integral approach (chapter H]). Results for the 
Green's functions and the effective potential are clearly different. The effective potential 
calculated from the path-integral approach is nicely convex, as it should be, whereas the 

^In this thesis we have only proven this for Euchdean theories, however in the hterature one finds proofs 
also for Minkowskian theories, see e.g. [I3| . 
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effective potential from the canonical approach is not. In the case of the = 1 linear sigma 
model we have also considered a path-integral formalism where we fix the paths all over space 
to have a given value at some time (chapter [S]). In this case the Green's functions came out 
to be the same as in the canonical approach. But to obtain this we had to introduce the 
somewhat artificial path-fixing constraint. 

In the case of the N = 2 linear sigma model we have also presented the canonical (chapter 
E]) and the path-integral approach (chapters [7] and [H]). Here the calculations in the path- 
integral approach are more complicated than in the = 1 linear sigma model, because the 
minima of the bare potential form a continuous set. To this end we had to investigate also 
how one can formulate a path integral in terms of polar field variables (chapter [8]). In the 
end we demonstrated again that the Green's functions from the canonical and path-integral 
approach are different. 

Although we have established that, in general, canonical and path-integral results (i.e. 
Green's functions) differ, in the case of a theory that exhibits spontaneous symmetry break- 
ing, it is not yet clear what this means for the physics of both approaches. Of course the 
physics of the canonical approach is known, but the physics of the path-integral approach 
requires more research. Several exciting questions remain within this approach: are the 
Green's functions of a Minkowskian quantum field theory in the path-integral approach also 
different than in the canonical approach? Are the Green's functions for a theory with local 
gauge invariance also different in both approaches? Is the physics of the Standard Model 
different if we formulate this model via the path integral? Is there something like the Higgs 
mechanism in this approach? Is there even a Higgs particle in this approach? The present 
thesis can be considered a first step towards finding answers to these fundamental questions. 
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Samenvatting 



Een quantumveldentheorie, zoals het Standaard Model, kan op twee manieren opgezet wor- 
den. De eerste, en meest gebruikte, manier gaat via canonieke quantizatie. Dit betekent dat 
men een klassieke veldentheorie neemt en commutatie- of anticommutatierelaties oplegt aan 
de canonieke velden en hun geconjugeerde momenta. Op deze manier construeert men de 
Feynmanregels van de theorie en kan men waarschijnlijkheden voor verstrooiingsprocessen 
berekenen. 

De tweede manier om een quantumveldentheorie op te zetten is door het postuleren van 
een padintegraal. In dit geval bepaalt de padintegraal de Greense functies, welke op hun 
beurt de waarschijnlijkheden voor fysische verstrooiingsprocessen geven. 

In principe geven beide manieren van het opzetten van een quantumveldentheorie iden- 
tieke resultaten. Beide manieren zijn slechts andere formalismen, net zoals quantummechan- 
ica geformuleerd kan worden via de Schrodingervergelijking en de Feynman-padintegraal. 

Voor sommige theorieen geven het canonieke en padintegraalformalisme echter niet dezelfde 
resultaten. Dit is het geval voor theorieen waarin spontane symmetriebreking optreedt. In 
deze modellen, ondanks dat beide formalismen voldoen aan dezelfde fundamentele Schwinger- 
Dysonvergelijkingen, verschillen de resultaten. Dit verschil is het hoofdonderwerp van dit 
proefschrift, en is onderzocht voor twee modellen: het Euclidische N = 1 lineaire sigmamodel 
en het Euclidische N = 2 lineaire sigmamodel. 

Een manifestatie van het verschil tussen het canonieke en het padintegraalformalisme is al 
bekend in de literatuur. Voor sommige theorieen die spontane symmetriebreking vertonen is 
het bekend dat de effectieve potentiaal berekend via het canonieke formalisme niet convex is, 
terwijl men via het padintegraalformalisme kan bewijzen dat deze potentiaal altijd convex 
moet zijiJl. In de literatuur staat deze tegenstelling bekend als het convexiteitsprobleem. 
Echter wanneer men accepteert dat het canonieke en het padintegraalformalisme simpelweg 
niet hetzelfde zijn, dan verdwijnt ook deze tegenstelling. 

Het convexiteitsprobleem wordt uitgebreid besproken, en opgelost, in de literatuur. Een 
heldere discussie over het verschil tussen het canonieke en padintegraalformalisme ontbreekt 
echter. Het is niet duidelijk of de verschillende resultaten uit beide formalismen ook ver- 
schillende fysische overgangswaarschijnlijkheden als gevolg zuUen hebben. 

In dit proefschrift zijn de twee formalismen voor twee simpele Euclidische quantumvelden- 
theorieen onderzocht. In het geval van het = 1 lineaire sigmamodel hebben we het canon- 
ieke formalisme (hoofdstuk [3]) en het padintegraalformalisme (hoofdstuk Hj) gepresenteerd. 
De resultaten voor de Greense functies en de effectieve potentiaal zijn duidelijk verschillend. 

^In dit proefschrift wordt dit slechts bewezen voor Euchdische theorieen, in de hteratuur vindt men ook 
bewijzen voor Minkowskitheorieen, zie bijv. [13j . 
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De effectieve potentiaal berekend vanuit het padintegraalformalisme is netjes convex, zoals 
het hoort, terwijl de effectieve potentiaal van het canonieke formalisme deze eigenschap niet 
heeft. In het geval van het = 1 hneaire sigmamodel hebben we ook een padintegraalfor- 
mahsme beschouwd waarbij we de paden in de padintegraal over de gehele ruimte vasthouden 
op een bepaalde waarde, op een bepaald tijdstip (hoofdstuk[5]). In dit geval zijn de Greense 
functies wel hetzelfde als in het canonieke formalisme. Maar om dit te bereiken moeten we 
wel de zojuist genoemde kunstmatige beperking van paden inbouwen. 

In het geval van het N = 2 lineaire sigmamodel hebben we ook het canonieke (hoofdstuk 
|6]) en het padintegraalformalisme (hoofdstukken [7] en [9]) gepresenteerd. In dit geval waren 
de berekeningen in het padintegraalformalisme gecompliceerder dan in het N = 1-geval, 
omdat de minima van de naakte potentiaal een continue set vormen. Hiertoe hebben we 
onderzocht hoe men een padintegraal in termen van polaire velden kan formuleren (hoofdstuk 
IS]). Uiteindelijk kon ook voor dit = 2 lineaire sigma model aangetoond worden dat de 
Greense functies in beide formalismen anders zijn. 

Ondanks dat we aangetoond hebben dat, in het algemeen, canonieke en padintegraalre- 
sultaten (i.e. Greense functies) niet gelijk zijn voor het geval van een theorie met spontane 
symmetriebreking, is het onduidelijk wat dit betekent voor fysische resultaten van beide for- 
malismen. De fysische resulaten van het canonieke formalisme zijn natuurlijk bekend, maar 
verder onderzoek zal moeten uitwijzen wat de fysische resultaten van het padintegraalfor- 
malisme zijn. Een aantal spannende vragen blijven bestaan binnen dit formalisme: zijn ook 
de Greense functies van een Minkowskische quantumveldentheorie anders in beide formal- 
ismen? Zijn de Greense functies van een theorie met lokale ijkinvariantie anders in beide 
formalismen? Zijn de fysische resultaten van het Standaard Model anders als we dit model 
via het padintegraalformalisme opzetten? Bestaat er zoiets als het Higgsmechanisme in het 
padintegraalformalisme? En bestaat er een Higgsdeeltje in dit formalisme? Dit proefschrift 
is bedoeld als een eerste stap op weg naar het vinden van antwoorden op deze fundamentele 
vragen. 
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